
Outline:

Mobility Emulsions (continuing the conversation of Dima’s talk)

Background: Understanding of fully MBL

(1 slide)
Transitions in Random Tensor Networks (1 slide)
Transitions in Circuits with Measurement (1 slide)

Background: What we know about the MBL transition…

Resonances and Statistics of Mutual Information in the Transition Region

 (1 slide)
 (2 slides)
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Beyond the MBL phase…

400 sites

Potter-Vasseur PRB 42 (224206)
Protopov - Ho- Abanin: PRB 61, 041122 

No MBL in SU(2) Symmetric Models

Yu-Luo-Clark (arxiv: 1803.02838)

Observable:  SCAEE

Yu - Luitz - Clark: arxiv: 1606.01260

Area law

8 sites

Log law





Bond-dimension transition in random PEPS

Building on: Vasseur-Potter-You-Ludwig arxiv: 1807.07082
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Bond-dimension transition in random PEPS

Building on: Vasseur-Potter-You-Ludwig arxiv: 1807.07082





Entanglement Transition in Long Range Gates + Measurements 

Volume law - volume law transitions
Kyle Herndon

Building on: Li-Chen-Fisher: arxiv: 1808.06134
Chan - Nandkishore - Pretko - Smith: arxiv: 1808.05949

Skinner - Ruhman -Nahum arxiv: 1808.05953





Fully Many-Body Localization

Small bond-dimension 
diagonalizing  unitary tensor 

network

l-bits

`Simple construction 
of each eigenstate’

G1, G2, G3, . . . , Gn
E1, E2, E3, . . . , En

1/J  l-bit coupling

HD = UHU†

Chandran, Carrasquilla, Kim, Abanin, Vidal-  arxiv: 1410.0687

Pekker-Clark arxiv:1410.2224

Huse-Nandkishore-Oganesyan arxiv: 1408.4297

Algorithms: 
Chandran, Kim, Vidal, Abanin arxiv: 1410.0687
Pekker-Clark arxiv:1410.2224

Pekker-Clark arxiv:1410.2224

Pekker-Clark-Ogansyen-Refael
 arxiv:1607.07884

Villalonga-Yu-Luitz-Clark
arxiv:1710.05036

Algorithms: [Khemani-Sondhi] [Pal-Simons]
[Yu-Pekker-Clark]

Algorithm: SIMPS/ES-DMRG
[Yu-Pekker-Clark]
arxiv: 1509.01244

1/J in l-bits

Serbyn-Papic-Abanin arxiv:1305.5554

Ros-Mueller-Scardicchio arxiv:1406.2175



At the MBL transition…
Phenomenological RG:
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Uniform integrating out of l-bits under RG

lo
g(

Δ
E

)

RG integrates out final energy scale:

ΔE ∝ 2−L

ΔE ∝ W−α(L)

RG Time

Wegner-Wilson Flow MERA

Yu-Pekker-Clark
Yu-Pekker-Clark

At the MBL transition…
Numerical RG:



At the MBL transition…

Bimodality in Entanglement…

Scale Invariance in l-bit couplings.

Today: Resonances at the Transition + Statistics of Mutual Information

Yu - Luitz - Clark: arxiv: 1606.01260
Similarly Khemani - Lim - Sheng - Huse: arxiv: 1607.05756

Pekker-Clark-Ogansyen-Refael
 arxiv:1607.07884

Numerical Data



Resonances in MBL 

Mutual Information
IAB ≡ SA + SB − SAB

Resonance

0 < IAB < 2 ln 2
Singlet by  Monogamy of Entanglement

Q:  How many? 

Q:  Range dependence?

De Tomasi - Bera - Bardarson - Pollmann  PRL 118(1) 016804



Scale invariant resonances

Threshold=0.45



Scale invariant resonances
2.5 < W < 5.0

Threshold=0.45



Large Threshold

Small Threshold





Q:  What generates resonances?

Q:  Do the resonances drive the transition to volume law entanglement?



| ↑ ↓ ⟩ − | ↓ ↑ ⟩

Smaller W

Q:  What generates resonances?



















Collisions drive resonances.





In order to have large entanglement you need 
continuous `resonances’

This also gives you level repulsion. 

ΔE ≡ ⟨Ψ2(W − δ) |H(W ) |Ψ2(W − δ)⟩ − ⟨Ψ1(W − δ) |H(W ) |Ψ1(W − δ)⟩

γ/ΔE ≥ 1 ⟹ Collision

(
<latexit sha1_base64="tWjC53TWs6f4phGmg88jUjjY56k=">AAAB9XicbVDLSgNBEOz1GeMr6tHLkCAEhLDrRY9BLx4jmAdk1zA76SRDZmeXmdlIWPIfXgQV8eq/ePNvnDwOmljQUFR1z3RXmAiujet+O2vrG5tb27md/O7e/sFh4ei4oeNUMayzWMSqFVKNgkusG24EthKFNAoFNsPhzdRvjlBpHst7M04wiGhf8h5n1FjpoeyPdEIZZh5h0aRTKLkVdwaySrwFKVWL/vkLANQ6hS+/G7M0QmmYoFq3PTcxQUaV4UzgJO+nGu3zQ9rHtqWSRqiDbLb1hJxZpUt6sbIlDZmpvycyGmk9jkLbGVEz0MveVPzPa6emdxVkXCapQcnmH/VSQUxMphGQLlfIjBhbQpnidlfCBlRRZmxQeRuCt3zyKmlcVDy34t3ZNK5hjhycQhHK4MElVOEWalAHBgqe4BXenEfn2Xl3Puata85i5gT+wPn8AQYLk6o=</latexit><latexit sha1_base64="7WgA47gUJs3SmtGFDvkV/BjvlF0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dhBahIJQZN7osunFZwT6gU0smzbShSWZIMpVh6F+4cONCEbf+i7v+jeljoa0HLhzOuTe59wQxZ9q47tTJbWxube/kdwt7+weHR8Xjk6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweh25rfGVGkWyQeTxrQr8ECykBFsrPRY8cc6xoRmHiJi0iuW3ao7B1on3pKUayX/4nlaS+u94rffj0giqDSEY607nhubboaVYYTTScFPNLXPj/CAdiyVWFDdzeZbT9C5VfoojJQtadBc/T2RYaF1KgLbKbAZ6lVvJv7ndRITXnczJuPEUEkWH4UJRyZCswhQnylKDE8twUQxuysiQ6wwMTaogg3BWz15nTQvq55b9e5tGjewQB7OoAQV8OAKanAHdWgAAQUv8AbvzpPz6nw4n4vWnLOcOYU/cL5+AA91lTA=</latexit><latexit sha1_base64="7WgA47gUJs3SmtGFDvkV/BjvlF0=">AAAB9XicbVDLSgMxFL1TX7W+qi7dhBahIJQZN7osunFZwT6gU0smzbShSWZIMpVh6F+4cONCEbf+i7v+jeljoa0HLhzOuTe59wQxZ9q47tTJbWxube/kdwt7+weHR8Xjk6aOEkVog0Q8Uu0Aa8qZpA3DDKftWFEsAk5bweh25rfGVGkWyQeTxrQr8ECykBFsrPRY8cc6xoRmHiJi0iuW3ao7B1on3pKUayX/4nlaS+u94rffj0giqDSEY607nhubboaVYYTTScFPNLXPj/CAdiyVWFDdzeZbT9C5VfoojJQtadBc/T2RYaF1KgLbKbAZ6lVvJv7ndRITXnczJuPEUEkWH4UJRyZCswhQnylKDE8twUQxuysiQ6wwMTaogg3BWz15nTQvq55b9e5tGjewQB7OoAQV8OAKanAHdWgAAQUv8AbvzpPz6nw4n4vWnLOcOYU/cL5+AA91lTA=</latexit><latexit sha1_base64="/lk/j8vUwUhR3ofW7Ia4BqLtXWg=">AAAB9XicbVA9TwJBEJ3DL8Qv1NJmIzGhInc2WhJtLDGRjwROsrfMwYbdu8vuHoZc+B82Fhpj63+x89+4wBUKvmSSl/dmdmdekAiujet+O4WNza3tneJuaW//4PCofHzS0nGqGDZZLGLVCahGwSNsGm4EdhKFVAYC28H4du63J6g0j6MHM03Ql3QY8ZAzaqz0WO1NdEIZZh5hctYvV9yauwBZJ15OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBM5KvVSjfX5Mh9i1NKIStZ8ttp6RC6sMSBgrW5EhC/X3REal1lMZ2E5JzUivenPxP6+bmvDaz3iUpAYjtvwoTAUxMZlHQAZcITNiagllittdCRtRRZmxQZVsCN7qyeukdVnz3Jp371bqN3kcRTiDc6iCB1dQhztoQBMYKHiGV3hznpwX5935WLYWnHzmFP7A+fwB832SIQ==</latexit>
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γ ≡ ⟨Ψ1(W − δ) |H(W ) |Ψ2(W − δ)⟩

Htwo levels =

Ergodic

Constantly colliding!

MBL

Rare Collisions!









Ergodic distribution

Broad Distributions

Distributions of Mutual Information in MBL
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Scale Invariant Skewness
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Stretched Exponential

MI ∝ exp[−αR]6 > W
2.7 > W > 6 MI ∝ exp[−ARβ]

β

α
MI ∝ exp [− R]



W ≈ 2.8 W ≈ 6.0
log[MI] ~ −AR1/2 −R1

γlog(MI) ~ −ln(2)

Conclusions



At the transition:

log[MI] ~ −R1/2 −R1

σlog(MI) ~ 0.1R 0.2R

γlog(MI) ~ −ln(2)



Ergodic distribution

Broad Distributions

Stretched Exponential

MI ∝ exp[−αR]6 > W
2.5 > W > 6 MI ∝ exp[−ARβ]

β

α



Fully MBL

Transition

(Mobility Edge)

[Luitz, Laflorencie, Alet]

Many-Body Localization

Ergodic



Florence, Italy

Resonances in MBL
Bryan Clark 
with Benjamin Villalonga



Scale invariant resonances
2.5 < W < 6.0
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At the MBL transition…
Numerical RG:



Egregious Extrapolation

W at which the probability of being 
(scale-invariant) weakly-entangled is 
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