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Abstract

In 1935, Einstein, Podolsky, and Rosen questioned whether quantum mechanics can be complete, as it

seemingly does not adhere to a natural view of reality: local realism, which is the notion that an event can

only be influenced by events in the past lightcone, and can only influence events in the future lightcone. This

question sparked a philosophical debate that lasted for three decades, until John Bell demonstrated that

not only are quantum mechanics and local realism philosophically incompatible, but they predict different

statistical results for an appropriate set of measurements on entangled particles, which changed the debate

to a scientific discussion. Since then, Bell inequality violations have occurred in a plethora of systems,

hinting that local realism is indeed wrong. However, every experiment had imperfections that complicated

the interpretation — the experiments had so-called “loopholes” which allowed local realism to persist.

In this manuscript, we present our work in using optimized sources of entangled photons to perform

the long-sought loophole-free Bell test. This landmark experiment invalidates local realism to the best that

science will allow. Beyond answering questions on reality, these Bell tests have a important application in

generating provably-secure private random numbers, which then can be used as a seed for cryptographic

applications.

Not only do we demonstrate that nonlocality must exist, but we begin an experimental exploration in

an attempt to understand and quantify this nonlocality. We do so by considering all theories that obey no-

signaling (or relativistic causality). In our experiments, we observe the counter-intuitive feature of measuring

more nonlocality with less entangled states. We also place a bound on the predictive power of any theory

that obeys relativistic causality. And finally, we are able to measure quantum correlations only attainable

through complex qubits. This work merely begins to probe the quantum boundary, beginning a journey

that may someday find evidence of a beyond-quantum theory.
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Chapter 1

Introduction

Non-classical states, such as n-particle states or entangled states, have a wide range of applications. The field

of quantum information endeavors to produce these quantum states with high quality, and precise control.

By doing so, one can enhance classical information processing tasks. Quantum computing, for example, has

been shown to vastly increase computing speed for certain classical algorithms (assuming quantum computers

can be realized) [1]. Quantum key distribution offers an alternative method of secure communications, where

the security is dependent on assumptions of devices rather than assumptions on computational power (for

optimal security, one would combine both classical and quantum cryptography methods) [2]. Quantum

metrology uses these quantum states for increased measurement sensitivity [3]. And there are many more

applications of precise quantum state engineering.

Beyond the immediate practical applications, quantum information also seeks to answer questions on

the foundations of quantum mechanics. One could even argue that the original goal of precise entanglement

creation was to perform a loophole-free Bell test, which would definitively rule out a classical theory of

reality [4]. The Bell test experiment, first proposed over 51 years ago, can experimentally answer the

question Einstein, Podolsky, and Rosen asked 30 years prior: can quantum mechanics be complete [5]? Only

recently has the technology allowed this experiment to finally be performed. In this manuscript, we discuss

our work in performing this landmark experiment, showing that at least the concerns Einstein, Podolsky,

and Rosen had with quantum mechanics are unfounded. By showing that a more intuitive local realistic

description is not correct, and that therefore quantum mechanics could be correct, we now begin a journey

in answering the next question: is quantum mechanics correct?

1.1 Local realism: A natural view of reality

Suppose there are four events that we can measure, events A, B, C, and D, with outcomes either 0 or 1

(for example, an event could be whether or not you have a runny nose, with an outcome of 1 if you do,

an outcome of 0 if you do not; or an event could be a measurement of a photon’s polarization, where a
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1 outcome corresponds to the photon transmitting through a polarizer and being detected, and 0 if there

is no detected photon). Further assume that if events A and B are measured, their outcomes are always

correlated (if the outcome of event A is 1, then the outcome of event B is also 1). Suppose further that if

events B and C are measured, then their outcomes will also be correlated. Finally, if events C and D are

measured, their outcomes will also be correlated (see Fig. 1.1). Given these correlations, can we infer the

correlation between events A and D? As an example, let A be if you have a runny nose, event B is if you

have a sore throat, event C is if you have a cough, and event D is if you have a headache, with outcome

1 if you have the symptom, and 0 otherwise. If you have a runny nose, you always have a sore throat,

and if you have a sore throat, then you always have a cough; furthermore, if you have a cough, you always

have a headache. Now, given that you have a runny nose, do you also have a headache? The seemingly

obvious answer to this problem would be “yes”, that the outcomes of events A (having a runny nose) and

D (having a headache) must be correlated. However, to reach this conclusion that A and D are correlated,

a “local realism” assumption has to be made. That is, we need to assume any system has preexisting values

for all possible measurements of the system (realism), and that these preexisting values depend only on

events in the past light cone of the system (locality). If we assume local realism, then it is the case that

measuring event A to be 1 means that B has a predefined outcome of 1, which then implies C also must

have a predefined value of 1, which also implies D must have a predefined value of 1 (in order to preserve

the known correlations). The correlation between A and D (under local realism) therefore does not depend

on whether or not the events in the correlation chain are actually measured.

Intuitively, there are only two ways that events can be correlated, either the events have a common

cause, or one event causally influences the other event. The notion of these two ways of correlations is also

known as Reichenbach’s principle [6], and is an equivalent notion of local realism. In the example above,

the correlation between the symptoms could be the result of a common cause: having a cold. In this case,

we know if you have a cold, you will have all of those symptoms, and therefore the events are all correlated.

The other reason for the correlations of the symptoms is a causal influence; that is, having a runny nose

results in a sore throat (perhaps from sniffling too often), and having a sore throat is what causes you to

start coughing (the throat becomes irritated, causing a cough); additionally, coughing results in having a

headache, resulting in a correlation between a runny nose and a headache through causal influence.

However, without assuming local realism, no statement can be made about the correlations between A

and D If, for example, B does not have a predefined outcome, then measuring A to be 1 does not imply

B has an outcome of 1, B only has an outcome of 1 when we measure the outcome of B (regardless that

we know the outcome of B will be 1, we must actually make the measurement to be able to assign the

2



A

B C

D
Figure 1.1: A diagram depicting a correlation chain. The outcomes of events A and B are correlated (blue
arrow), the outcomes of events B and C are correlated, and the outcomes of events C and D are also
correlated. Under a local realistic assumption, then the outcomes of events A and D must be correlated.
However, entangled particles do not necessarily have a correlation between the outcomes of events A and D.
In the general case, the correlation chain creates a twice-iterated triangle inequality, which results in a Bell
inequality.

outcome). The idea that we cannot assign outcomes to events that we have not measured (even when we

do know what the outcome will be) runs counter to our natural view of reality, as it (seemingly) should not

matter whether we actually perform a measurement on B and C if we know the result that will be measured.

In 1935, Einstein, Podolsky, and Rosen introduced what they believed should correspond to physical reality:

“If, without in any way disturbing a system, we can predict with certainty (i.e., with probability equal to

unity) the value of a physical quantity, then there exists an element of physical reality corresponding to

this physical quantity” [5] (i.e., reality should obey local realism). Furthermore, they noted that quantum

mechanics does not obey this definition of reality. As an example, consider two spatially-separated particles

with position-momentum entanglement, where a measurement is performed on one of the particles. If the

measurement is made on the momentum of the particle, then to preserve the uncertainty relations imposed

by quantum mechanics, this measurement must project the other particle into a well-defined momentum

state. If instead a position measurement were made, then the other particle must be projected into a well-

defined position state. Thus whether the position or the momentum is the element of reality of one particle

(i.e., whether the wavefunction of the particle is in the eigenstate of the position or in an eigenstate of the

momentum) depends on the measurement made on the other particle (without in any way disturbing the

first particle). Einstein, Podolsky, and Rosen concluded from this example, that “the quantum-mechanical

description of physical reality given by wave functions is not complete.”

3



1.2 A test of local realism

Whether quantum mechanics is complete remained merely a philosophical question for 30 years. In 19651,

however, John Bell demonstrated that tests of local realism were in fact possible by analyzing the limit of

allowed correlations between measurements made on an ensemble of any classical system [4], the limit of the

allowed correlations results in a so-called Bell test or Bell inequality. If these measurements are performed

under sufficiently ideal conditions, a violation of a Bell inequality would conclusively rule out all possible

local realistic theories.

In a typical two-party Bell test, a source generates particles and sends them to two distant parties,

Alice and Bob. Alice and Bob independently and randomly choose properties of their individual particles

to measure, e.g., polarization in a particular basis. Later, they compare the results of their measurements.

Local realism constrains the joint probability distribution of their choices and measurements. For example,

in Fig. 1.1, the three perfectly correlated events (blue arrows) requires the fourth set of events (black arrow)

to also be perfectly correlated. The basis of a Bell test is an inequality that is obeyed by probability

distributions for any local realistic model, but can be violated by the probability distributions of certain

entangled quantum particles [4].

While the only known (physically realizable) way to violate a Bell inequality is with entangled particles,

to derive a Bell test only requires the assumption of locality and realism. The violation of the Bell inequality

then forces us to abandon locality or realism (or both)2. As such, a Bell inequality is only a test of local

realism, and does not make any statement about quantum mechanics, this in turn allows the use of the

framework of a Bell inequality to go beyond the realm of quantum mechanics, allowing us to probe a general

class of physical theories limited only by no-signaling constraints (that is, any theory that obeys causality).

1.3 Spontaneous parametric downconversion

To generate the correlations necessary to violate a Bell inequality, we use polarization-entangled photons. To

do so, we employ spontaneous parametric downconversion (SPDC), which is a second-order (χ(2)) nonlinear

process where a single pump photon splits into two daughter photons (for a full discussion on this process,

1The paper was published in the December issue of 1964, which was most likely printed in 1965. Even Bell himself (usually)
cites his own paper as 1965[7].

2There are many ways a Bell inequality can be derived through different (but equivalent) sets of assumptions. A very
common alternate assumption to make in deriving a Bell inequality is “local causality” [7] (often simply called “locality”),
which is the notion that an event can only be influenced by events in the past lightcone, and can only influence events in the
future lightcone. In this case, the violation of a Bell inequality implies that local causality is invalid (compared to local realism,
where there are two distinct assumptions). This interpretation on Bell inequalities is the viewpoint of the author; however,
for historical purposes, we will continue the discussion in this section using local realism. It should be noted then, later when
we use the term “nolocality,” we implicitly take the viewpoint of local causality being wrong, rather than stating the local
assumption is the incorrect assumption of local realism.

4



see, e.g., Ref. [8]). Here, we will discuss a few critical points for our purpose. An approximation of the

2-photon state can be written as:

ψ2−photon ∝ L
∫
dkpφp(kp)

∫
dksdkiχ

(2)δ(ωp − ωs − ωi) sinc (∆κL/2) |ks,ki〉, (1.1)

where kp, ks, and ki represent the wave-vectors of the pump, signal, and idler photons outside the crystal,

∆κ is the phase mismatch, defined as ∆κ ≡ κp−κs−κi, where κp, κs, and κi represent the wave-vectors of

the pump, signal, and idler photons inside the crystal (where κj = (κ
(x)
j , κ

(y)
j , κ

(z)
j ), and κ

(m)
j = n(m)(ωj)kj),

n(m)(ωp), n
(m)(ωs), and n(m)(ωi) are the refractive indices along the three axes of the crystal, ωp(= |kp|c),

ωs, and ωi represent the angular frequencies, φp(kp) represents the input momentum distribution of the

pump, L is the length of the crystal along the z-axis (which we take to be aligned along the center of the

distribution φp(kp) and we assume the crystal is infinite in length in the other two directions), and χ(2) is

the second-order nonlinear coefficient, which governs the strength of the SPDC interaction3. For a more

thorough description of the 2-photon state, see Ref. [10]. In this form, we have neglected higher photon

numbers per mode, which is important for understanding noise from multiple photon events in Bell tests. A

description of the higher photon number state (in particular for Bell tests) is given in Ref. [9].

Now, as this is a spontaneous process (stimulated via vacuum fluctuations), and since χ(2) is small, the

probability of an event produced in a desired mode is very small (∼ 10−13), and as such we use bright lasers

as a source of pump photons to ensure a significant number of downconversion events into the desired mode

per second. The SPDC process is constrained by conversation of energy (δ(ωp − ωs − ωi)) and conservation

of momentum (sinc (∆κL/2)) (which is called the phase-matching condition), as shown in Fig. 1.2. Most

materials exhibit normal dispersion over the range of frequencies we use (i.e., they have higher indices of

refraction at high frequencies), and by conservation of energy the pump photon must have higher frequency

than the downconverted photons; therefore, to satisfy phase-matching one must use birefringent materials

(where the two polarization states see different indices of refraction). By using a birefringent (and nonlinear)

material, the phase-matching conditions can be met by aligning the pump along the fast axis (the direction

with the smaller of the two indices of refraction)4. Achieving proper phase matching can be done by adjusting

the cut angle of the crystal, which allows for the necessary tunability (changing the crystal axis on order of

0.2◦ can result in 1◦ change in the emission angle).

As long as one of the two daughter photons has a polarization along the slow axis (the higher of the

3In reality, χ(2) is a tensor that depends on the polarization of the 3 fields (pump, signal, and idler) and the crystal
symmetries.

4This is just one of the ways to accomplish phase-match.

5



k  ik  s

k  p

w  p

w  i

w  s c  

i ii iii

k  i

k  s

k  p

Figure 1.2: The phase-matching conditions. i) Momentum conservation, where the momentum of the pump
(kp) is equal to the momentum of the two daughter photons, called the signal (ks) and idler (ki) photons.
If the momentum conservation is not met exactly, then there is a phase mismatch, and the field oscillates
as shown in Fig. 1.3. In the case presented in this figure, we also see that the higher the frequency, the
smaller the emission angle must be to conserve momentum (in general, the dependence between emission
angle and frequency depends on the dispersion of the fast and slow indices). This fact results in undesirable
additional correlations between the photon pairs, which reduce coupling efficiencies. ii) energy conservation
is depicted: a pump photon is split into two daughter photons, facilitated by the nonlinear material (which
remains unaltered throughout the process, i.e., it is a parametric process). Finally, Fig. 1.2iii demonstrates
the process happening inside a crystal. A single pump photon passes through a crystal cut with the crystal
axis along ĉ and downconverts to the two daughter photons. Due to the symmetry of phase matching, both
the signal and idler photons are emitted into a cone (centered on the pump). However, by detecting one of
the photons in the pair, the other photon is heralded to be on opposite side of the conjugate cone, allowing
for high heralding efficiency.

two indices in a birefringent material), then phase matching can be met (i.e., there can exist a crystal cut

which satisfies phase matching). This allows for two different SPDC processes to occur: a fast pump photon

downconverting to two slow daughter photons (called Type-I), or a fast pump photon to a slow and a fast

daughter photon (called Type-II). Note that this discussion is for normal dispersion materials; in anomalous

dispersion materials the situation is reversed, and in some cases the polarization of the pump and daughter

photons can even be the same (Type-0 phase matching).

In some instances, depending on the birefringence of the material and the desired wavelength, satisfy-

ing the phase-matching constraints is inefficient or might even be impossible. To solve this issue, we can

periodically-pole the crystal to achieve (quasi-)phase matching. Here, the direction of the crystal axis is

rotated every half-wavelength of the downconverted photon amplitude oscillations, as depicted in Fig. 1.3,

which allows for coherent buildup of the downconverted field. For periodically poled crystals, tuning the

phase-matching conditions is accomplished through adjusting the temperature of the crystal (instead of

adjusting the crystal cut).

One can use downconversion to generate pairs of photons using any of the above techniques. For most

of the cases discussed here, we desire very high heralding efficiency systems (the detection of one of the

downconverted photons heralds the presence of a second photon, and the probability of the detection of this

second photon, given the first, is called the heralding efficiency), while maintaining high entanglement quality.
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Figure 1.3: An illustration of the effects of periodic poling. Ordinarily, due to phase mismatch in the SPDC
crystal, the downconversion amplitude oscillates along the length of the crystal (blue line). However, if the
crystal axis (dark blue arrows) is rotated 180◦ every half wavelength of the oscillation, coherent buildup in
the crystal is recovered (black curve). Both axes in this plot are in arbitrary units.

Here, we desire heralding efficiencies exceeding 75% probability5. Due to the phase-matching conditions,

the photons have momentum and frequency correlations which can be used to efficiently collect the photon

pairs. However, not all correlations are desirable, as there are additional correlations between the k-vector

and frequency (if one of the downconverted photons has higher energy, then to conserve momentum, that

photon’s k-vector must exit the crystal at an angle closer to the pump), and these additional correlations

actually degrade our capability to efficiently collect the photon pairs.

To preserve the entanglement quality we couple both photons into a single-mode fiber (which approx-

imately supports a Gaussian spatial mode). If the pump has a small k-vector uncertainty (relative to the

collected daughter photon’s k-vector uncertainty), then the detection of one photon projects the other pho-

ton into a well-defined, mostly Gaussian spatial mode. For the sources considered here, the detection of one

photon projects the other photon into a state that has 93-96% Gaussian mode content. In this case, the

heralded photon suffers a 4-7% loss. Furthermore, in some instances where a large bandwidth is collected (in

one of our systems, we collect photons within the 700-nm to 720-nm band), then the chromatic dispersion

in the lenses cause the different wavelengths to have different focal lengths, this results in another 2% loss

by collecting into single-mode fibers.

The k-vector and frequency correlations mean that the single-mode fiber also acts as a spectral filter with

a Gaussian spectral profile. This effective Gaussian filter introduces a significant amount of loss (around

30%). As an example of how this causes loss, consider the case where there are infinitely many spectral

modes (in our lab, we can easily see 100 spectral modes or more). If we detect a photon at frequency ωo+ω,

5Heralding efficiency is defined many different ways. As our interest is in the detection of a photon given the detection of
its conjugate photon, this is what we use as our definition. Some definitions divide out the detector efficiency, but we do not
do so.

7



where ωo is the central frequency, at the tail end of the Gaussian distribution, then the conjugate photon

will have a frequency of ωo − ω (by conservation of energy), and will thus be at the opposite tail end of

the distribution, and therefore unlikely to be transmitted through our spectral filter6. There are two way

to remove this unwanted spectral-momentum entanglement; the first is to apply additional spectral filtering

such that we only collect the photons which correspond to spectral modes with a high transmission (i.e.,

only collecting from the peak of the Gaussian distribution). In this case, energy conservation still ensures

that if one photon transmits through the narrow spectral filter, then the other photon will also transmit

through the conjugate filter. However, this necessarily means discarding most of the pairs, reducing source

brightness.

The second method relies on using the finite bandwidth of the pump. In the above example, we neglected

the energy uncertainty of the pump (we assumed nearly infinite many spectral modes, which is only attainable

with a single frequency pump). If the energy uncertainty of the pump is approximately the same energy

uncertainty of the Gaussian spectral filter we create with the single-mode fiber, then this results in collecting

single spectral mode. In this case, by detecting one of the photons, the other photon is projected into the

conjugate single spectral mode and single spatial mode, meaning it will be collected perfectly into the single-

mode fiber. In the experiments presented here, we use both of these techniques (in different systems) to

efficiently collect the entangled photon pairs.

So far we have only discussed efficiently collected photon pairs from downconversion. Downconversion

itself, however, does not typically result in polarization entanglement7. In the two cases discussed previous,

we generate the state |ss〉 or |sf〉 (where s corresponds to slow polarization, and f is fast polarization),

neither of which are entangled. Instead, to generate entanglement, we need the pump photons to be in a

superposition between downconverting in two different crystals or locations, which we then can convert to

polarization entanglement (see Fig. 1.4). For example, if we embed a downconversion crystal in a polarization

interferometer, then we can convert the superposition of the pump photon’s path into a superposition between

two different polarization states. Alternatively, we can put two orthogonally orientated crystals next to each

other (such that, in the lab frame, one crystal downconverts |H〉 → |V V 〉 and the other crystal produces

|V 〉 → |HH〉, where H is horizontal polarization and V is vertical). Since we are coupling into single-mode

fibers, any information on the spatial distinction between the two crystals is lost (the outputs of both crystals

6The loss from the Gaussian spectral filter and Gaussian spatial mode cannot be discussed independently. We have taken
liberties, in the interest of describing the problems, by discussing them as different forms of loss. To be perfectly clear, there
is simply a 70% coupling efficiency into the fiber due to the spectral-momentum correlations in the current example. In
the previous paragraph where we stated a 93-96% coupling efficiency, this number is taken after removing these unwanted
correlations.

7A Type-II downconversion source can produce the entanglement through a superposition of the f → sf and f → fs
processes.
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Figure 1.4: A diagram of two ways of producing entanglement. a) The pump is placed in a superposition
state: a|V 〉+b|H〉, which is transferred to a superposition of two paths at the polarizing beam splitter (PBS).
The |H〉 (transmission) path of the pump is rotated to |V 〉 via a half-wave plate (HWP). The nonlinear crystal
(NLC) downconverts |V 〉 → |HH〉, and the HWP rotates the clockwise path from |HH〉 → |V V 〉. At the
PBS, both states take the bottom path, resulting in an entangled state a|HH〉 + b|V V 〉 after filtering out
the blue pump with an interference filter (IF). b) Entanglement is generated with a paired crystal. Again
the pump is placed in a superposition state: a|V 〉 + b|H〉. Then in the first crystal, the |V 〉 → |HH〉
downconversion process occurs. The second crystal is rotated such that the crystal axis is out of the page,
which now has the |H〉 → |V V 〉 process. If the two crystals are indistinguishable sources (by coupling into
a single-mode fiber to remove spatial information), then the resultant entangled state is a|HH〉+ b|V V 〉. In
both diagrams, the full entangled state (the relative amplitude and phase between the two terms) is easily
controlled by altering the pump polarization with standard optical components.

are projected onto a single spatial mode, which means the two crystals are indistinguishable sources). In

this case, we have two different polarization states generated from the two different crystals, resulting in

polarization entanglement. This paired-crystal technique can be realized while introducing minimal loss,

provided the crystals are sufficiently thin (in our case, we use 200 µm-thick crystals). We again will employ

these two techniques in different systems, achieving high heralding efficiency in both cases.

1.4 Overview

In this manuscript we will use polarization-entangled photons generated via SPDC to perform measurements

of different Bell inequalities, for a wide range of purposes. First, a formal description of a generalized

Bell inequality will be presented. Here we will discuss the issues arising from experimentally testing the

Bell inequalities, along with a discussion of typical assumptions that must be made and the validity of

those assumptions (Chapter 2). Next, in Chapter 3, we will describe our experiment which violates a Bell

inequality with a classical source by exploiting hidden assumptions in standard data analysis, and discuss

methods to ensure these issues are not present in an actual Bell test. In Chapter 4, we will describe our

system of entangled photons, which we use to legitimately violate a Bell inequality without making any

fair-sampling assumptions, closing the so-called “detection loophole”. We then use this result to perform

9



device-independent randomness expansion. Then we discuss possible improvements to the system. Next, in

Chapter 5, we will discuss our experiment which performs a loophole-free Bell test to definitively invalidate

local realism with entangled photons. Then in Chapter 6, we will go beyond the simple case of using a Bell

test to rule out local realism, using Bell tests to perform experimental tests on a general class of physical

theories consistent with the no-signaling principle (that is, any further extension of quantum mechanics). In

this section, we will discuss the notion of a “PR-box” to be a fundamental unit of nonlocality, and use this

concept to make a plethora of tests, all with rather interesting results. Finally, we will summarize our work

in Chapter 7, as well as discuss the future of Bell tests.
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Chapter 2

Bell Tests

Bell tests have become ubiquitous, they have been performed in many different physical systems and on many

different degrees of freedom. Even more so, Bell tests are now performed in undergraduate lab environments

[11]. These Bell tests almost always use the most famous Bell inequality, the CHSH Bell inequality. In this

manuscript, however, this simple version of the Bell inequality is insufficient to perform our experiments.

As Bell tests form the basis of every experiment presented here, in this chapter we introduce a generalized

description of a Bell test, which we will return to again in Chapter 6. Furthermore, while Bell tests are

performed in a myriad of experiments, nearly every experiment is plagued by experimental imperfections

which invalidates the experiment from truly arguing against local realism (there have only been three so-

called loophole-free Bell tests which do not have these issues, one of which is presented in Chapter 5). Finally,

in this chapter, we also discuss the common imperfections in detail and the methods to fix those issues.

2.1 Generalized Bell tests

Figure 2.1: Bell test scenario. Alice and Bob perform “black box” measurements on a shared (quantum)
state ρ. The experiment is characterized by the data {p(a, b|x, y)}, i.e., a set of conditional probabilities
for each pair of measurement outputs (a and b) given measurement settings x and y. Based on the data
p(a, b|x, y), Bell inequalities (see Eq. (2.3)) can be tested.

Consider two separated observers, Alice and Bob, performing local measurements on a shared quantum

state ρ. Alice’s choice of measurement settings is denoted by x and the measurement outcome by a. Similarly,

Bob’s choice of measurement is denoted by y and its outcome by b (see Fig. 2.1). The experiment is thus
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characterized by the joint distribution

p(a, b|x, y) = Tr(ρMa|x ⊗Mb|y), (2.1)

where Ma|x (Mb|y) represents the measurement operators of Alice (Bob); see Fig. 1(a). In his seminal work,

Bell introduced a natural concept of locality, which assumes that the local measurement outcomes only

depend on a pre-established strategy and the choice of local measurements [4]. Specifically, a distribution is

said to be local if it admits a decomposition of the form

p(a, b|x, y) =

∫
dλ q(λ)p(a|x, λ)p(b|y, λ), (2.2)

where λ denotes a shared local (hidden) variable, distributed according to the density q(λ)1, and Alice’s

probability distribution—once λ is given—is notably independent of Bob’s input and output (and vice

versa). A Bell inequality is then an inequality that is obeyed by local realistic probability distributions.

These inequalities can be written as

S =
∑

a,b,x,y

βa,b,x,yp(a, b|x, y)
L
≤ L, (2.3)

where βa,b,x,y are integer coefficients, and L denotes the local bound of the inequality—the maximum of the

quantity S over distributions from L, i.e., of the form 2.2.

2.2 Experimental Bell test

By performing judiciously chosen local measurements on an entangled quantum state, one can obtain dis-

tributions 2.1 which violate one or more Bell inequalities, and hence do not admit a decomposition of the

form 2.2. The simplest Bell tests are bipartite, binary input, binary output inequalities (Bell tests with more

inputs will be discussed in Chapter 6, but for now we will focus on the simplest scenario.). In this case,

there are two standard forms of the Bell inequality, the first introduced by Clauser, Horne, Shimony and

Holt (CHSH) [12]:

SCHSH = E0,0 + E0,1 + E1,0 − E1,1

L
≤ 2, (2.4)

where Ex,y ≡ p(a = b|x, y)− p(a 6= b|x, y) denotes the correlation function. Fig. 2.2 extends Fig. 1.1 to the

1q(λ) is normalized, such that
∫
q(λ)dλ = 1
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Figure 2.2: A diagram depicting a correlation chain for the CHSH Bell test scenario. A Bell test measures
each link along the correlation chain to determine if the correlations could have been produced by a local
realistic model. The CHSH Bell test sums the three blue correlations, and subtracts the red correlation,
producing a local realistic bound of 2. This bound is due to the allowed correlations of the final link in a
correlation chain, given the first three links.

case in Eq. 2.4. Here, we can see that this inequality is measuring the three blue correlations and subtracting

the red correlation. A local realistic model can only measure values between −2 ≤ SCHSH ≤ 2 for Eq. 2.4.

In our experiments, we focus on violating the bound at 2, and therefore write Eq. 2.4 with only one of the

bounds. Quantum correlations, however, can violate the above inequality up to SCHSH = 2
√

2, the so-called

Tsirelson bound [13]. The second (equivalent) set of forms of the simplest Bell inequality scenario were

introduced by Clauser and Horne (CH) [14]:

SCH = p(1, 1|0, 0) + p(1, 1|0, 1) + p(1, 1|1, 0)− p(1, 1|1, 1)− p(a = 1|x = 0)− p(b = 1|y = 0)
L
≤ 0, (2.5)

SCH = p(1, 1|0, 0)− p(1, 0|0, 1)− p(0, 1|1, 0)− p(1, 1|1, 1)
L
≤ 0, (2.6)

where p(i, j|k, l) is the probability of measuring a = i and b = j, given settings x = k and y = l, and

p(a = 1|x = 0) is the probability of measuring x = 1 for setting a = 0 (and similarly for p(b = 1|y = 0)).

For Eq. 2.5 and Eq. 2.6, local models are limited to −1 ≤ SCH ≤ 0, where we focus on the bound at 0. The

Tsirelson bound for these inequalities is SCH = 2
√
2−2
4 ≈ 0.207.

The local bounds to these inequalities can be found by inserting the distribution from Eq. 2.2 into the Bell

inequality. Another method to find the local bound is to simply maximize over all possible local strategies.

Alice, for example, locally must choose to output either a = 0 or a = 1 for each of her chosen inputs of x = 0

and x = 1, i.e., she has 4 possible strategies. We only need to consider cases where Alice always makes the

same decision (e.g., Alice always choses a = 0 if x = 1), as randomly changing her strategy cannot produce

a Bell value larger than the value of any particular strategy. We can likewise consider Bob’s four possible

local strategies, for a total of 22x22 = 16 possible local strategies. In almost all cases, the symmetry of the
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problem will significantly reduce the total number of unique local strategies, making this an efficient method

for calculating the local bound.

It is worth noting that the three Bell inequalities above (Eqs. 2.4,2.5,2.6) are all identical Bell inequalities,

as each inequality can generate the rest through only transformations that obey no-signaling. No-signaling

is the statement that all local probability distributions do not depend on a nonlocal setting choice. An

example of a no-signaling transformation is p(x = 0|a = i, b = j) = p(x = 0|a = i, b = k), as Alice’s local

distribution is unaltered by Bob’s setting choice. No-signaling is essentially a statement of communication:

if a setting choice is able to alter the probability distribution, then it can be used to transfer information.

All Bell tests thus require this assumption, as without it, a realistic theory could easily mimic a violation of

a Bell inequality by simply communicating to reproduce any possible result.
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Figure 2.3: A diagram of an idealized experimental Bell test. A synchronization signal (gold line) is sent
to Alice and Bob to inform them that they will soon receive entangled photons, and thus to trigger their
setting choice (RNG). Based on the setting choice, a polarizer is rotated to a specific setting to perform the
projective measurement. Later, the entanglement source will emit entangled photons to Alice and Bob. If
they see a detected photon, they assign the outcome of the trial to be 1; if no photon is detected the trial
outcome is set to 0. Alice and Bob each record the results of the trial (which consists of both their selected
input and measured output). Later, they will compare the results of their trials to determine if local realism
can explain the correlations.

While these inequalities appear simple, probabilities are not observable quantities, and any experiment

will have to estimate probabilities after measuring an ensemble of entangled particles. As an example of

an experimental version of the idealized Bell test described above, consider two parties, Alice and Bob,

who each have spatially separated labs. Their labs consist of a polarizer, a single-photon detector (with a

time-to-digital converter to register when events are recorded), and a method for choosing a setting. A third

lab (Charlie) sends a message to Alice and Bob, stating that he is about to send them a photon to measure2.

2Note that in reality such “event-ready” operation is difficult to achieve
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Charlie then prepares polarization-entangled photons and sends one to Alice and one to Bob. Alice, upon

receiving the message from Charlie, will then decide whether she will choose measurement setting 0 or

measurement setting 1. If she chooses measurement setting 0, she will adjust her polarizer to transmit, say,

light polarized along 20◦ above the horizontal. If she chooses measurement setting 1, she will orientate her

polarizer to be 5◦ above the horizontal. Bob will likewise do the same, though choosing his own polarization

settings. Then upon receiving their respective photons from Charlie, Alice and Bob will each send their own

photon through the polarizer and onto the single-photon detector. If the detector sees a photon they assign

the output of 1, and if no detection event occurs they assign the output of 0; they will record the results of

each trial (that is, they record both their chosen input and measured output). This type of experiment is

displayed in Fig. 2.3.

After a predetermined number of trials3 (say, after Alice and Bob have run their experiment 106 times),

Alice and Bob will compare their results to determine the correlations between their measurement outcomes,

given their inputs, by estimating each of the probability terms from their data. For example, consider the

Bell test in Eq. 2.6; to estimate the first term, p(1, 1|0, 0), Alice and Bob compare the number of times they

jointly measured output of 1 while both choosing input 0 (defined as C(1, 1|0, 0)), to the total number of

times they jointly choose input 0 (defined as N(0, 0)), regardless of their measurement results. Thus, they

estimate

p(1, 1|0, 0) =
C(1, 1|0, 0)

N(0, 0)
, (2.7)

and likewise for the other terms.

After analyzing the data, Alice and Bob can then conclude whether or not they believe a local realistic

model could have yielded the correlations that occurred. Since the goal of a Bell test is to definitively rule

out all local realistic models, we want to disprove any model, even conspiratorial models where the particles

can communicate or force our detectors to behave in strange ways. That is, for the Bell test experiment, we

need to carefully document any assumption that is explicitly (or implicitly) made in both the system design

and in the data analysis. A significant violation of a Bell inequality implies that either local realism is false,

or that one or more of the assumptions made about the experiment are not true; thus, every assumption in

an experiment opens a so-called “loophole.”

In the above example, there are a few subtle but key points that should be addressed further. First, each

experiment must always assign an outcome, given an input. If, for example, the single-photon detector has a

65% detection efficiency (true for a typical silicon avalanche photo-diode (APD)), then every time we failed

3For a discussion on the need to predefine the number of trials, see Section 3.3.
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to detect a photon, we still must assign an output of 0. Second, how and when we choose the measurement

settings is critical, and the experiment can have unverified assumptions if this is not done properly. Next,

the data analysis needs to be done properly, as estimating C(a, b|x, y) can be nontrivial for a real system

with timing uncertainties. In fact, standard data analysis techniques performed in most optical quantum

information experiments to determine C(a, b|x, y) have hidden assumptions. While these assumptions are

very minor (e.g., the detector’s time response is the same regardless of the measurement setting), they still

allow local realistic theories to explain the results. As such, care must be taken in the data analysis to avoid

unnecessary assumptions. Finally, while this example is based on how we would use quantum mechanics to

violate a Bell inequality, the idea of a Bell test should still be considered as a black-box experiment, so how

the measurements are made and how the correlations are generated does not matter (beyond the specific

assumptions that the system introduces).

2.3 Fair-sampling assumption

The first experimental violations of the Bell inequality was demonstrated in 1972 by Freedman and Clauser

[15], and Aspect, Grangier, Dalibard, and Roger in 1981 and 1982 [16, 17, 18], using pairs of polarization-

entangled photons generated by an atomic cascade. However, due to technological constraints, these Bell

tests and those that followed (see [19] for a review), were forced to make additional assumptions to show

local realism was incompatible with their experimental results. That is, these experiments were required

to assume that their measurement devices were fairly sampling the source, i.e., that the detection system

behaves equally regardless of the measurement setting choice and outcome. This fair-sampling assumption

(which opens the so-called “detection loophole”) allows the experimenters to disregard all events where

no detection event occurred, contrary to what was mentioned earlier where the experimenter must always

determine an output for each given input. To do so, Alice and Bob replace their polarizer and single-photon

detector in the earlier example with a waveplate (to rotate between the different bases) and a polarizing

beam splitter (PBS) (which transmits one polarization, and reflects the orthogonal polarization) and two

single-photon detectors (one in each port of the PBS). Now, a 1 outcome corresponds to a detection in the

transmitted single-photon detector, a 0 outcome corresponds to a detection in the reflected single-photon

detector, and a −1 outcome if no photon was detected4. If either party receives a −1 outcome, then the

trial is discarded, allowing Alice and Bob to post-select on trials where they have a joint detection event

(see Fig. 2.4). We can then rewrite our estimate of a probability as

4Standard notation when applying a fair-sampling assumption is ±1 for detection events and 0 for no detection event.
However, for the cases we consider in this manuscript, the notation defined in the text is more convenient.
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p(1, 1|0, 0) =
C(1, 1|0, 0)

C(1, 1|0, 0) + C(1, 0|0, 0) + C(0, 1|0, 0) + C(0, 0|0, 0)
, (2.8)

where we now normalize by the number of detected events at the given setting, instead of normalizing by

the number of times the settings were chosen. If the system has less than unit efficiency, then C(1, 1|0, 0) +

C(1, 0|0, 0) + C(0, 1|0, 0) + C(0, 0|0, 0) < N(0, 0).

x={0,1}

Sync

Entanglement 
Source

RNG

a=1

RNG

y={0,1}

b=1

Trial
   1
   2
   3
   4 

x
0
0
1
0 

a
-1
0
0
1...

Trial
   1
   2
   3
   4 

y
1
1
1
0 

b
1
0
1
-1 ...

a=0 b=0

Figure 2.4: A diagram of an experimental Bell test that assumes fair-sampling. Similar to Fig. 2.3, a
synchronization signal is sent to Alice and Bob (gold line) to trigger their setting choice (RNG), which is
now performed by rotating waveplate. When Alice and Bob receive the entangled photons, they send them
onto a polarizing beamsplitter after the waveplate. Now, if they see a detected photon in the transmitted
port, they assign the outcome of the trial to be 1, if the photon is detected in the reflected port, then the trial
outcome is set to 0. If no photon is detected, then the outcome is −1. Alice and Bob each record the results
of the trial. Later, when Alice and Bob compare the results of their trials, they discard any trial where
either party recorded a −1 event (gray bar). While this technique removes stringent system requirements,
it can be exploited by a local realistic model to produce false Bell violations.

However, the fair-sampling assumption can exploited to mimic (false) nonlocal correlations using only

local distributions. As an example, consider the Bell inequality in Eq. 2.6,

SCH = p(1, 1|0, 0)− p(1, 0|0, 1)− p(0, 1|1, 0)− p(1, 1|1, 1)
L
≤ 0,

and let Charlie prepare a state which obeys the following probability distribution,
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p(a, b|x, y) =
1

4
(δx,0δa,1 + δx,1δa,−1)(δy,0δb,1 + δy,1δb,−1)

+
1

4
(δx,0δa,0 + δx,1δa,−1)(δy,0δb,−1 + δy,1δb,0)

+
1

4
(δx,0δa,−1 + δx,1δa,0)(δy,0δb,0 + δy,1δb,−1)

+
1

4
(δx,0δa,−1 + δx,1δa,0)(δy,0δb,−1 + δy,1δb,0), (2.9)

where δi,j is the Kronecker delta function. After Alice and Bob measure an ensemble of particles prepared

with this distribution, they will estimate the CH Bell parameter (SCH in Eq. 2.6) as

SCH = p(1, 1|0, 0)− p(1, 0|0, 1)− p(0, 1|1, 0)− p(1, 1|1, 1)
L
≤ 0,

SCH =
1

4
− 0− 0− 0 =

1

4
, (2.10)

which is a seemingly violation of the Bell inequality.

However, the distribution in Eq. 2.9 has a decomposition of the form in Eq. 2.2, and is therefore a

local distribution! Essentially, this local hidden variable model can be thought of as a model where Charlie

attempts to guess Alice and Bob’s setting choice. If the particle sees the setting Charlie guessed, it will be

detected as Charlie desires. If instead the particle sees the opposite setting, then it will not be detected at

all, and thus the entire trial is discarded. In this way, Charlie can force Alice and Bob to observe a Bell

inequality violation with a local realistic probability distribution since Alice and Bob only consider trials

where Charlie correctly guessed their settings. This strategy critically relies on the fair-sampling assumption,

and will not work without the assumption. In this example, Charlie exploits the fair-sampling assumption

by forcing both Alice and Bob to only detect 50% of their particles. The relationship between loss (or missed

detection events) and the fair-sampling assumption is important. If any experiment detects less than 2/3

of the prepared entangled particles (in a perfectly noiseless system), then a Bell inequality violation cannot

be observed without a fair-sampling assumption [20]. Any detected noise will increase this minimum system

efficiency. The efficiency requirement places very hard technical constraints on a system. For photonic

systems, commonly used single-photon detectors (avalanche photo-diodes), typically have efficiencies of 65%

, which already is too low to perform a Bell test. Furthermore, even extremely high quality systems will

only have efficiencies around 80% of collecting and sending the photons to the single-photon detectors. As

such, given a low-noise system, to perform a Bell test with photons, one must use detectors with > 90%
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efficiency. Detectors of this quality (superconducting nanowire single-photon detector — SNSPD [21], and

transition edge sensors — TES [22]) only recently became available, and require extensive cryogenic cooling

(i.e., they are expensive).

The fair-sampling assumption is notably invalid if there is measurement-setting-dependent and outcome-

dependent loss. Physically, as just one possible example, this could happen if the waveplate used to change

basis has a wedge (the front and back face of the element are not parallel, which deviates the beam when

the waveplate is rotated), and one of the output single-photon detectors is more sensitive to alignment.

More maliciously, in terms of applicability to generate secure randomness, this assumption is critical since

it is possible to experimentally realize the hidden-variable model in Eq. 2.9 by “blinding” the detectors.

In the experiment in Ref. [23], bright laser pulses are used to alter the mode of operation of the single-

photon detectors, enabling a (false) violation a Bell inequality that assumes fair-sampling. In fact, in the

early Bell inequality experiments using atomic cascades (by Freedman, Clauser, Aspect, Grangier, Dalibard,

and Roger), the fair-sampling assumptions made were demonstratively false [24] — the experiments only

collected photons emitted back-to-back, which display unrepresentatively high polarization correlations.

Bell test experiments without fair-sampling assumptions have been performed in several matter systems:

ions [25], superconductors [26], and atoms [27], whereas high-efficiency tests with photons have been lacking.

Performing a Bell test without the fair-sampling assumptions has even more interest by noting its appli-

cability to cryptography. Intuitively, if we have shown that the correlations exhibited between Alice and

Bob’s outputs do not obey local realism, or alternatively that the local systems do not have preexisting

measurement results, then the measurement results must necessarily be unknown prior to measurement.

Thus, we can use the results to generate provably secure random numbers (i.e., no one else could possible

know what the random numbers are, otherwise the results would have been known in advance, and no Bell

inequality violation would have been possible). In this case, conspiratorial models are necessary perfectly

valid, as a adversary that is attacking the system would naturally attempt to implement such a model. In

this case, it is critical to not make any fair-sampling assumption, as we cannot verify that an adversary is

not controlling our source (in which case, the fair-sampling assumption would be invalid). In Chapter 4, we

will discuss our experiment that performs a Bell test without any fair-sampling assumptions with photons,

which we subsequently use for private randomness expansion.

It is worth noting that while we can perform a Bell inequality without assuming fair-sampling in the

simplest (CH or CHSH Bell inequality) case, for Bell inequalities with additional inputs, discussed in Chap-

ter 6, the technological constraints to remove the fair-sampling assumption are too challenging to achieve

currently. In some of the measurements we make, we would require 99% total system efficiency (assuming
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no noise), where the current best measured total system efficiency (including detection) is 85% [28]. For the

more challenging Bell tests, we assume fair-sampling, as we are not attempting to generate random numbers,

and instead we only wish to characterize nonlocality (and therefore there should be no malicious attacker

who intentionally exploits the assumption). In this case, so long as we validate the fair-sampling assumption

by demonstrating equal system efficiency regardless of setting and outcome, then in the absence of malicious

adversaries, we can still make claims on nonlocality despite the technological constraints.

2.4 Measurement setting independence assumption

t

z

Entanglement 
creation
lightcone

Particle 
worldline

Alice's lab Bob's lab

Setting 
choice

Setting choice
lightcone

Detection 
event

Figure 2.5: The spacetime diagram for a valid Bell test, which ensures the locality loophole and freedom-of-
choice loopholes are properly addressed. The entanglement creation and the setting choice events should be
spacelike separated (i.e., the setting choice should be below the red lightcone) to ensure the setting choices
are not influenced by a signal sent by the entangled particles. Furthermore, the detection event on Alice’s
side and Bob’s setting choice must also be spacelike separated events (i.e., the detection event must occur
outside the green lightcone), to ensure that no entangled photons has information about the other particle’s
measurement setting.

As mentioned above, how and when we choose a measurement setting is important. In Alice’s lab,

she will need to have a random number generating device which chooses a measurement setting. In order

for the experiment to rule out local realism, Alice must be locally determining her measurement setting

(e.g., without any influence from Bob’s measurement setting choice or outcome). If Bob’s measurement

outcome can influence Alice’s measurement setting choice, then the explanation for the correlations in the
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Bell inequality could be explained by a collaboration between Alice and Bob’s measurement choices and

detectors, where they communicate with each other to form statistics that violate a Bell inequality. It is,

unfortunately, strictly impossible to prove the independence of Alice’s setting choice from Bob’s measurement

setting or outcome, as the particles in Alice and Bob’s measurement device, as well as the device that chooses

the measurement setting, could have interacted at some point in their past lightcone. As such, there could

always be residual correlations between their measurement settings and outcomes. Therefore, we are required

to make an additional assumption when performing a Bell test. That is, our assumptions must always include

locality, realism, and independent setting choice, with any violation implying at least one of the assumptions

is incorrect. If, for example, one were to believe the independence assumption were invalid for a given

experiment, then the experiment would not make any claims as to the validity of local realism, and the

independence assumption is then referred to as a “locality loophole”.

While the independence assumption cannot be avoided, and therefore the loophole will always exist, we

can make arguments towards the validity of the assumption. For example, we can force Alice’s measurement

choice event and Bob’s measurement detection event to be spacelike-separated events. From Reichenbach’s

Principle, correlations between events (under local realism) must either be from a causal influence or a

common cause, so if the events are spacelike separated, then the only locally causal correlation between the

outcomes must come from a common cause. Since, in our case, the entangled photons are generated at the

same time, a natural local realistic theory could have the creation of the entangled photons as the common

cause for the correlations between the measurement settings and outcomes, that is, when the entangled

photons are created, the photons immediately send signals to the measurement setting choice devices to

influence what setting is to be chosen. Thus, to exclude this local realistic model, we should also spacelike-

separate the entanglement creation event from the measurement setting choices events in Alice and Bob’s

lab. Note that, in this model, the source of entangled photons can still be the source of a common cause so

long as it sends out the signal to the two labs prior to creating the entangled photons, and so we still have

to assume there are no common cause events (this specific component of the independence assumption is

called the “free-choice” loophole). By forcing the separation of all of these relevant events, as depicted in

Fig. 2.5, we can argue towards the validity of the independence assumptions.

Most local realistic models that benefit from the independence assumption require rather conspiratorial

models, e.g., entangled particles communicating after they have been measured, and we are still able to

scientifically argue towards the validity of the assumption. By doing so, we can provide the best scientific

test of local realism possible, even against paranoid models. That is, if one wishes to still perceive reality in

a local realistic manner, they must adopt a framework that cannot be experimentally tested (e.g., a super-
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deterministic model, where the results of Bell tests were determined in advance such that we still perceive

violations of local realism, despite existing in a local realistic universe).

In addition to assuming fair sampling, the early experiments also did not spacelike-separate all relevant

events. Later experiments were able to address both of the locality assumptions, by using entangled photons

to validate the independent-setting choice [29], and to validate the assumption that the setting choices are

independent of the particles being measured [30]. However, to do so, these experiments still needed to assume

fair-sampling. Simultaneously closing the locality and detection loopholes imposes competing requirements

— the experiment requires vast separation between events, but this separation forces additional losses upon

an already constrained system.

In terms of cryptography and private random number expansion, the locality loopholes are less critical.

If the detectors cannot signal to each other to falsely produce a Bell violation, then an adversary can instead

arrange to have the detectors send signals about the results of a legitimate experiment, which would still

compromise the security of the randomness. However, depending on the model of eavesdroppers one wants

to protect again, it is possible the experimenters still want to implement a system that does not have these

locality loopholes.

2.5 Coincidence-time loophole

The fair-sampling and independence assumptions are typically made in Bell tests, as they ease the constraints

on system design (not needing challenging synchronization, remote laboratories, and precise position and

time measurements to validate the independence of settings) and technological requirements (not requiring

> 2/3 system efficiency to remove the fair-sampling assumption). And while these assumptions allow one

to make arguments against local realism, they present loopholes that could be exploited by a local realistic

model to violate a Bell inequality.

However, beyond these two assumptions, there can also be implicit assumptions within the data analysis

itself if it directly or tacitly assumes no-signaling or fair-sampling. Even worse, the data analysis may directly

violate an assumption, thereby invalidating the analysis technique. The issue can be subtle; for example,

in the case of the “coincidence-time loophole”[31], the implicit assumptions can come from an otherwise

standard coincidence counting method, where the coincidence windows are centered on one party’s detection

events (the implicit assumption is that the local hidden-variable model has no time-dependence) instead of

using a predefined coincidence window (see Fig. 2.6). In Chapter 3, we present our classical source which

exploits this assumption to produce false Bell violations. Finally, additional loopholes can arise from the
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assumed source statistics. Two analysis assumptions are noteworthy. The first is that most analyses assume

that the source emits particles with independent and identical states. The second assumes that the average

violation has a Gaussian distribution; in particular, nearly all reported Bell violations are cited in terms of

numbers of standard deviations of violation, whose interpretation requires that the relevant distributions are

Gaussian for many standard deviations from the mean, which fails to hold no matter how many particles

are detected (for a discussion, see Section 3.3 and Ref. [32]).

iii

C(a,b|x,y) = 2 C(a,b|x,y) = 1

Figure 2.6: A display of two different coincidence counting methods. Due to timing jitter in the detectors
(timing uncertainty), the output of Alice and Bob’s detector can lead to ambiguities of the trial outcome. To
solve this issue, Alice and Bob need to use a coincidence window (black arrow) to determine the outcome.
Here, we depict two methods for assigning an outcome to a trial. In Fig. 2.6i, determining C(a, b|x, y)
is done through a traditional coincidence counting method, where a detection event on Alice’s side is the
center for a coincidence window. If Bob has an event falling within that window, his outcome is considered
coincident, and the outcome of his event is assigned to the same trial as Alice’s. However, this is a nonlocal
method for determining trial outcomes, and therefore is not allowed. The hidden assumption in this case is
that detectors have the same time response for all measurement settings and outcomes. In Chapter 3, we
exploit this coincidence counting technique to falsely violate a Bell inequality. Fig 2.6ii is a valid form of
coincidence counting, where the trials are decided based on an external clock (e.g., a reference laser pulse
sent jointly to Alice and Bob, shown in blue). Here, the outcome of the trial is determined locally based on
the external clock, rather than the other party’s outcome.

In summary, as Bell tests can be a resource for cryptographic protocols, such as device-independent

random number generation [33] and device-independent quantum key distribution [34], these issues raised

here are critical to the security of the device, as each loophole allows for an avenue of attack. If the device

satisfies a loophole-free Bell test, i.e., violates a Bell inequality with no extra assumptions, then the device can

be trusted regardless of the manufacturer of the device or possible hacking technique. Thus, it is important

to minimize any extra assumptions required by the analysis or its interpretation.
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Chapter 3

Faking Bell Violations

According to quantum theory, Alice and Bob must share entanglement to obtain results that are not com-

patible with local realism. Traditionally, experimenters have endeavored to engineer their systems to deliver

exactly one pair of entangled photons to Alice and Bob during each trial. This goal is technically challenging

(due to the probabilistic nature of SPDC), so some experiments have allowed violations of the definition of a

“trial.” For example, in some experiments, several measurements happened before Alice and Bob chose new

measurement settings, and those measurements were then analyzed as if they were from separate trials each

with a randomly chosen setting. In some, Alice and Bob non-locally determined when trials have occurred

and what their outcomes were. These allowances complicate the interpretation of the experiment so that

local realism can be rejected only if other (often implicit) assumptions hold. In this chapter we demonstrate

a system without entanglement that exploits these allowances and thus can appear to violate local realism

when Alice and Bob determine trials and measurements non-locally. We then discuss proper analysis meth-

ods to ensure an experiment can definitely rule out local realism. The results in this chapter are published

in Ref. [35]1.

3.1 Trials and assumptions

To explain possible reasoning for using relaxed definitions of a trial, consider again the CH Bell parameter

(from Eq. 2.5),

SCH = p(1, 1|0, 0) + p(1, 1|0, 1) + p(1, 1|1, 0)− p(1, 1|1, 1)− p(a = 1|x = 0)− p(b = 1|y = 0), (3.1)

where −1 ≤ SCH ≤ 0 for any local realistic model (in this chapter, we will be concerned with both the −1

and 0 bound). The above Bell inequality is in a form that only need consider events where at least 1 party

received a 1 outcome (i.e., there are no p(0, 0|x, y) terms). We can thus rewrite it in terms of coincidence

counts (J(x, y) = C(1, 1|x, y), where J(x, y) are coincidence (or joint) detection events at settings x and y),

1Portions of this chapter c©2015, American Physical Society. Used with permission.
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and singles counts (SA(x) = C(1, 0|x, 0)+C(1, 1|x, 0)+C(1, 0|x, 1)+C(1, 1|x, 1), where SA(x) are the singles

counts for Alice at setting x, and similarly for Bob). Singles counts and coincidence counts correspond to

seemingly simple measurements: the total number of counts on a detector is the singles counts, and the total

number of occurrences where Alice and Bob jointly received a detection event is the coincidence counts.

Then the Bell inequality becomes

SCH =
J(0, 0)

N(0, 0)
+
J(0, 1)

N(0, 1)
+
J(1, 0)

N(1, 0)
− J(1, 1)

N(1, 1)
− SA(0)

NA(0)
− SB(0)

NB(0)
, (3.2)

where NA(0) (NB(0)) is the number of times setting x (y) was chosen. This form is convenient to work with,

since the resultant data from a Bell experiment is a string of detection times. That is, Alice and Bob do not

record if a trial event is a 0 or 1; instead their record the time of each detection event, from which they must

determine if a trial outcome was a 0 (no detected photon2) or 1 (a detected photon), or in the Bell inequality

above, decide if a singles count was also a coincidence count (based on the time of the detection event).

They must determine if the event was coincident despite the temporal uncertainty of their measurements.

Not only do all single-photon detectors have an intrinsic uncertainty in the precise arrival time of a

detected photon (timing jitter), but downconversion is also a probabilistic process, where the emission can

occur at any time when the pump laser has a non-zero amplitude. This is most notable for continuous-

wave lasers, where downconversion events happen randomly, uniformly in time. These uncertainties cause

individual photon-pair events to be difficult to reconstruct from the longer measurement record, so typical

quantum optics experiments determine coincidence events by allowing for a coincidence window around

one party’s - say Alice’s - detection events: if Bob has a detection event within the coincidence window

determined by Alice’s detection event, then it is called a coincident detection.

In a Bell test, however, this seemingly reasonable (but non-local) method for determining coincidences

cannot exclude all local realistic models, as it opens up a loophole that can be exploited by a hacker to

produce an apparent Bell inequality violation without any actual quantum correlations. The loophole,

called the coincidence-time loophole, allows for a time-dependent local hidden-variable model [31]. Consider

an experiment where the times of photon-pair arrivals at the two parties are unknown. To exploit the

coincidence loophole, a hacker who has full control of the photon source can send a group of four pulses (two

to Alice and two to Bob, as shown in Fig. 3.1) with each pulse offset by a little less than the Alice-detection-

centered coincidence window used by Alice and Bob. In doing so, the pulses that result in detections for

2We will only be applying a fair-sampling assumption in Chapter 6, in all other chapters a 0 outcome will correspond to no
detection event.
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settings x = 1 and y = 1 are separated by nearly three coincidence window “radii” and therefore do not

result in any coincidence counts, whereas at every other setting combination the detected pulses fall within

the coincidence window. Consequently, a hacker can achieve an apparent Bell violation SCH > 0, since the

p(1, 1|1, 1) term in Eq. 3.1 can be made to vanish.

It is interesting to consider the size of the apparent violation. The problem is somewhat subtle, as there is

no longer a clear method to estimate a probability, since this loophole exists because of an invalid definition

of a trial. Previously,

p(a, b|x, y) =
C(a, b|x, y)

N(x, y)
(3.3)

was used to estimate the probability. However, in this case, there is no well-defined value N(x, y), and

therefore Alice and Bob must now first estimate N(x, y) in order to be able to estimate p(a, b|x, y). One

natural way to do so would be to assume that the pairs arrive at a constant rate rP . Given the constant rate

assumption, we can express p(1, 1|x, y) = C(1, 1|x, y)/(rP × t), where t is the duration of the measurement

of C(1, 1|x, y), and similarly for the other probabilities. The value of SCH can be inferred accordingly, and

whether or not it violates the inequality SCH ≤ 0 does not depend on the rate rP . Thus, it is not necessary

to know the rate to observe such a violation. By exploiting the coincidence-time loophole, sending pulses

at a rate rH , a hacker can force an apparent violation of up to SCH = rH/rP > 0, given the experimenter’s

assumed photon-pair rate rP . If the experimenter attempts to measure rP independently, this measurement

may also be subject to the hacker’s manipulations, and so the experimenter must estimate rP from the

data. However, the data set itself only yields a lower bound on rP . That is, assuming (wrongly) that the

detections arise from constant-rate photon pairs, we have that rP should be at least the sum of the rate of

detections by Alice and Bob, minus the rate of coincident detections at any given setting combination (i.e.,

if Alice detects NA photons, Bob detects NB , and they jointed detected NAB , then they would conclude

the source emitted at least NA + NB − NAB pairs). This rate is maximized for settings x = 1 and y = 1,

where it is 2rH (since NA = rp, NB = rp, but NAB = 0). Accordingly, rP ≥ 2rH . Setting rP = 2rH gives

a maximum inferred violation of SCH = 1/2, which actually exceeds not only the local realistic limit, but

even the maximal quantum mechanically allowed value of SCH ≈ 0.207! In this, this level of (false) extreme

violation exactly matches the maximum allowed by no-signaling (no-signaling theories will be discussed in

Chapter 6) [36]. When quantifying the violation (for example, in Fig. 3.1, Fig. 3.3, and Fig. 3.4) we use this

normalization for the values of SCH, i.e., we set rP = 2rH .

One method to close the coincidence loophole is to produce photon pairs only during well-defined time
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windows by using a pulsed laser to pump the downconversion crystal. The arrival of the photon pairs at

Alice and Bob can be synchronized, e.g., with a separate laser pulse sent to each party. The trial begins

when Alice and Bob choose measurement settings just before the possible arrival of the entangled photon.

Each party’s measurement outcome is equal to 0 if no photons were detected and 1 if one or more photons

were detected during the trial’s duration. This strategy is used in the experiments discussed in Chapters 4

and 5. An alternative approach is to use a distance-based analysis method [37], which we applied to the

data sets from this chapter as well as the data sets from Chapter 4 in Ref. [35]; we found no violation for

the data sets from this chapter.

3.2 Experimental realization of the coincidence-time loophole

We realized the coincidence-time loophole experimentally by combining two attenuated lasers on a beam

splitter for both Alice and Bob (Fig. 3.2). For Alice, one laser is polarized orthogonal to the polarizer

setting for measurement setting x = 0, while the other laser is polarized orthogonal to the polarizer setting

for x = 1, and similarly for Bob. This allows the source to address the measurement settings independently

(i.e., when we send a laser pulse polarized along (x = 1)⊥, we should only receive detection events for

measurement setting x = 0). We then attenuate the sources to a mean photon number per pulse of around

10. The relatively high mean photon number offsets the loss in the measurement and detection process,

but is still small enough to minimize the effect of crosstalk in the polarizer (there is a small chance that

the polarization state to be blocked is still transmitted through the polarizer). We then pulse the lasers as

shown in Fig. 3.1, with adjacent pulses separated by T = 1 µs. If we determine the number of coincidence

events by a non-local method of checking if Bob had a detection event within a window (e.g., 2µs) around

Alice’s detection events, then we observe Bell inequality violations up to SCH = 0.49 (with the normalization

discussed earlier), where Alice and Bob use the optimal settings for an ideal maximally entangled state as

specified in the caption of Fig. 3.2. A plot of the data analyzed in this way is displayed in Fig. 3.3. We

see a “violation” of over 2700-σ (assuming Gaussian statistics). By altering the two laser polarizations and

increasing the mean photon number to offset any additional losses, we have been able to exploit this loophole

for a wide range of measurement settings, as we now discuss.

3.2.1 Controlling Violation Size

In an actual attempt of a Bell test, Alice and Bob would likely suspect the presence of a hacker if their

estimated CH-Bell parameter exceeded the quantum mechanical limit of (
√

2− 1)/2. Even more so, if Alice
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Figure 3.1: A diagram illustrating the coincidence-time loophole. Here a(x= i) = 1 (a(x= i) = 0) corresponds
to a detection event (no detection event) when Alice chooses measurement setting i, and similarly for Bob.
i) A coincidence window (black arrow) is selected based on Alice’s detection event. A hacker can exploit
this loophole by staggering pulses in time as shown. In this case, if the radius (half width) of the coincidence
window is between T and 3T , there are no C(1, 1|1, 1) events (and thus p(1, 1|1, 1) = 0), implying that SCH

in Eq. 3.1 is greater than 0, even for a classical source. ii) A well-defined trial is used, where the window is
centered on a synchronization pulse (blue line); the loophole vanishes as there is no longer a way to address
only the C(1, 1|1, 1) term. If a large coincidence window (solid arrow) is used, then every measurement
setting has a coincident event, resulting in SCH = 0. If a short trial window (dashed arrow) is used, then
there are only coincident and single events at settings {x = 0, y = 0}, giving a Bell value of SCH = −1; in
neither case is −1 ≤ SCH ≤ 0 violated.
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Figure 3.2: A diagram of our experimental setup to produce the local hidden-variable model described in
Fig. 3.1. On Alice’s side, we electrically pulse two 670-nm laser diodes with a pulse width of 100 ns; these
pulses then pass through polarizers aligned orthogonally to her two measurement settings (Pol (x = 0)⊥

and Pol (x = 1)⊥). That is, we emit pulses that will not pass through one of the two measurement settings,
ensuring only one of the measurement settings will detect our optical pulse. The laser pulse that passes
through the (x = 0)⊥ polarizer is emitted 2 µs before the (x = 1)⊥ laser pulse. We attenuate the lasers
enough so that after they are combined on a beam splitter, each pulse has a mean photon number of
approximately 10, to offset any system loss while minimizing the noise due to crosstalk in the polarizers.
Similarly on Bob’s side, we combine two attenuated lasers on a beam splitter. Here, the (y = 1)⊥ pulse is
emitted 2µs before the (y = 0)⊥ pulse, and both are offset from Alice’s photon pulses by 1µs. The basis
choice for the polarization analysis is implemented with a half-wave plate (HWP) and polarizer (Pol), where
the settings are −11.25o for x = 0, 33.75o for x = 1, 11.25o for y = 0, and −33.75o for y = 1 (corresponding
to the optimal CH-Bell-inequality-violating settings for a perfect maximally entangled state), thus, e.g.,
Pol(x = 0)⊥ would correspond to setting the polarizer to −11.25◦ + 90◦ = 78.75◦. The photons are then
detected by avalanche photo-diodes (APDs), with efficiencies lower than 66%, the outputs of which are
recorded using time-to-digital converters. The results of analyzing the data both with a coincidence window
determined by Alice’s detection event, as well as a predefined coincidence window, are displayed in Fig. 3.3.
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Figure 3.3: Two plots of the measured Bell parameter, SCH (Eq. 3.1) (solid blue line), as a function of the
coincidence window radius for our experiment using a classical source to produce the local hidden-variable
model shown in Fig. 3.1. When the data set is (improperly) analyzed with a coincidence window determined
by a detection event (diagram i), the coincidence-time loophole can be exploited to produce a false Bell
violation (values greater than 0). We separated each pulse by 1µs, so with this model we see SCH > 0 for any
coincidence window radius between 1µs and 3µs. For coincidence windows less than 1 µs, we do not have any
coincidence counts, but we still have single counts, resulting in a negative Bell parameter of SCH ≥ −1 (while
this value depends on the chosen normalization, the minimal inferred value of rp is at rp = 2rh, resulting
in the most negative Bell parameter of -1). With window sizes larger than 3µs, we assign coincident and
single events to nearly every detection event, resulting in a Bell parameter of 0. In contrast, when the data
is analyzed with a fixed predefined coincidence window (diagram ii), the Bell parameter remains between -1
and 0, and therefore never shows a violation of local realism. The results match well the predictions, given
the structure of the classical source, as explained in Section 3.2.2. The positions of the transitions are due
to the location of the predefined coincidence window relative to the pulse set. The transitions between 0
and −1 are not sharp because of a slow desynchronization between the fixed windows and the actual source
pulse rate. That is, the window slowly drifted such that it was not always centered on the pulse set. For
more details, see Section 3.2.2.
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Figure 3.4: A plot of several measured data points from our classical source when analyzed incorrectly
(susceptible to the coincidence-time loophole). The blue curve is the predicted quantum mechanical max-
imum given the state cos θ|HH〉 + sin θ|V V 〉; these states are critical to violate Bell inequalities without
fair-sampling assumptions, as shown in Chapters 4 and 5. Here, we assumed Alice and Bob have a target
θ and use the optimal measurement settings for their presumed input state. We then adjusted the angles
of the source polarizers to match the quantum mechanically allowed maximum Bell parameter, given Alice
and Bob’s measurement settings. The resulting measurements (red data points) are indistinguishable from
the quantum mechanical expectation, despite that the source is completely classical (and local).

and Bob know that they have low system efficiencies, then the value they expect is well below (
√

2− 1)/2.

In particular, with low efficiency, Alice and Bob design their system to use states of the form cos θ|HH〉 +

sin θ|V V 〉 (see Chapters 4 and 5) to maximize the measured violation. Consequently, a hacker would want

Alice and Bob to believe that they prepared a less entangled state (states with θ farther from π/4). If Alice

and Bob estimate θ for their state, there is a maximum θ-dependent Bell parameter they expect. Ideally, the

hacker would control the measured Bell parameter to match Alice and Bob’s expectation and avoid suspicion.

In our case, with the source depicted in Fig. 3.2, we can tune the source polarizers (and adjust the laser

diode brightness to compensate for any increased loss) to create nearly any value of the Bell parameter. The

results of several measurements using this technique are displayed in Fig. 3.4.

As a final note, while the plot in Fig. 3.3 has a well-defined structure (which would obviously make the

hack easy to detect), it is possible to broaden the observed “violation range” by probabilistically switching

between local hidden-variable models with different pulse spacings; therefore, one cannot simply look at a

plot of the Bell violation versus coincidence window size to determine if the coincidence-time loophole is

being exploited.
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3.2.2 Predefined Window Analysis

In contrast to the above analysis, where the coincidence windows were defined relative to Alice’s detection,

if Alice and Bob determine each trial’s measurement outcomes locally using a coincidence window of fixed

duration centered on a predefined time, rather than one centered on a detection, we do not see a statistically

significant Bell violation, as shown in Fig. 3.3.

To use a predefined window to analyze the data exploiting the coincidence-time loophole, we first add

in a synchronization signal at the rate equal to the rate that the source emits a set of pulses, 100 kHz in

our case (as there was no actual synchronization signal when the data set was taken, we implement this

signal in post-processing). For comparison with Fig. 3.1ii, where the predefined coincidence window is in

the center of the pulse set, we placed the first synchronization signal in the center as determined by the first

two detection events in the data set. We then create a periodic signal by spacing each synchronization signal

by 10 µs (= 1/100 kHz). To compensate for the relative temporal drift between the function generator and

the timetagging electronics, we reset the synchronization signal every 500 detection events to be re-centered

in the pulse set. If the separation between adjacent pulses is 1 µs (see Fig. 3.2), then we would expect

a Bell parameter close to 0 for windows less than 0.5 µs, since there will be neither single nor coincident

events (other than occasional dark counts, no event will fall within the predefined window)3. For windows

between 0.5 µs and 1.5 µs we would expect a Bell parameter close to −1, since we see events primarily from

{x = 0, y = 0}. That is, p(1, 1|0, 0) = 1, p(a = 1|x = 0) = 1, and p(b = 1|y = 0) = 1 in Eq. 3.1, while all

other terms are 0. Finally, for predefined window sizes larger than 1.5 µs, all terms in Eq. 3.1 are equal to

1, leading to a Bell parameter of 0. The results of analyzing the classical data with a predefined coincidence

window of variable width are displayed in Fig. 3.3ii.

While the data set in this case is contrived to be clearly determined by a local hidden-variable model,

in real experiments the issues are far more subtle. For example, avalanche photo-diodes can have a count-

rate-dependent latency, and since each measurement setting can have different detection rates (for example,

in Ref. [38], the count rates differed by a factor of 3), it is critical that the analysis is not susceptible to

these minor latency shifts. To show that these issues are relevant, Ref. [39] proposes a coincidence-loophole-

exploiting scheme whose statistics closely match those of a standard photon-pair source.

3A single event, when analyzed using fixed windows, is an event that is in coincidence with the external clock. A coincident
event now requires a three-fold coincidence between the external clock, Alice, and Bob.
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3.3 Hypothesis testing

Exploiting the coincidence-time loophole demonstrates the need to be careful, not only when one designs

a system, but also when the data of that system is analyzed. If the security of a private random number

expansion system is dependent on a Bell violation, one has to be well aware of all possible attacks on the

system and the analysis of the data. Furthermore, because the traditional coincidence counting method

(that we exploit to produce the false Bell violations) is so common, this classical system further shows the

need to truly understand the assumptions made in systems being used in practice.

For example, another common assumption is the Gaussian-statistics assumption. That is, typically an

assumption is made to quantify the certainty of a Bell violation (e.g., “we observed a M-σ violation”),

but this is another assumption that should be addressed. This assumption is most critical for large “σ”

violations, where upwards of 10 standard deviation violations are often claimed (e.g., 244-σ [26]). Here,

the normal distribution assumption has surely failed at the tail ends of the distribution4, and therefore this

bound is a clear overstatement of the certainty of a Bell violation. Furthermore, the standard deviation of

a violation provides only information on the certainty of the measured quantity, but no information on the

probability that a competing hypothesis (in this case, local realism) could have produced the results of the

experiment. Instead, to determine the desired information, one should use a hypothesis test.

A hypothesis test is a statistical test where two data sets are compared to determine the probability the

null hypothesis could have produced the data set or one more extreme (this probability, or p-value, is the

statistical confidence of ruling out the null hypothesis) [40]. As an example, consider a coin that is believed

to be biased towards heads. To demonstrate the coin is not fair, we want to disprove (through statistical

testing) that the coin is fair (i.e., p(heads) = p(tails)). So we start with the null hypothesis that the coin is

fair. Next, to perform hypothesis testing we require a test statistic, that is, a single measure of the data set;

for the biased coin, a test statistic could be the number of times a heads was the outcome of a coin toss.

Before performing the coin-tossing experiment, we first must determine the number of times we will flip a

coin, which is called the “stopping criteria”5. The stopping criteria is based on our expectation of the bias

and our desired level of confidence in our result (what failure rate will be allowed for the experiment). If we

believe the coin is only weakly biased, then more coin flips will be required; additionally, requiring a higher

confidence in our measurement will result in choosing a larger number of coin flips as the stopping criteria.

Note that, before performing the experiment, we should also decide on how we will analyze the data, so

4To make claims at the level of 10-σ, the Gaussian approximation would have to be valid at the ∼ 10−23 level. By this
point, there is almost certainly some other dominant source of noise that does not follow the normal distribution.

5It is possible to have no stopping criteria, but the analysis must take that fact into account, which results in a severely
weakened p-value.

33



that our analysis method is not influenced by the data. While this point is unnecessary for coin flips (surely

we will not have a hard time from the data determining if a coin flip was heads or tails), for Bell tests it

is critical that the analysis method be decided before viewing the data, the reason being that the analysis

itself could produce stronger results by post-selecting on statistical fluctuations, if one optimizes over system

parameters such as relative delays between detectors or the size of the trial window. As it can often be

challenging to construct a full analysis prior to having any data, an alternative approach is to sacrifice,

say, 10% of the data as “training data”, which is used to determine optimal analysis parameters (and then

discarded and not used as part of the final data set). The remaining 90% of the data then can be analyzed

using the parameters determined by the training data to produce a valid (not overestimated) test statistic.

Returning to the coin example, based on the expected bias and desired confidence, a number of coin

flips is chosen (we decide to flip 300 coins), and then the experiment is performed. After flipping 300 coins

and seeing 181 heads, our next step is to calculate the p-value, the probability that the null hypothesis (the

coin is fair, i.e., p(heads) = p(tails)) could have produced our test statistic (181 heads) or anything more

extreme. Thus, the p-value for this example is calculated as

300∑

k=181




300

k


 (1/2)k(1/2)300−k = 2.1× 10−4. (3.4)

Smaller p-values can be interpreted as stronger evidence against the null hypothesis. A small enough p-value

allows one to effectively rule out null hypothesis. In particular, based on our desired confidence (or allowed

failure rate), we can decide the meaning of the p-value. Perhaps in the above example we had prior belief

that the coin was likely biased, and therefore, based on prior knowledge, we will say the p-value rules out

the coin was fair. Or perhaps we had a stash of 10, 000 coins where we believed some may be biased, and so

we had performed a statistical hypothesis test on each coin; then the measured p-value may not be strong

enough to demonstrate this particular coin is biased as we would expect a p-value of this magnitude to be

measured more than once even for fair coins. Or perhaps whether this coin is biased would demonstrate the

existence of a new particle, then surely such a important discover would require a significantly lower p-value,

for example, the high-energy community requires p-values smaller than ≈ 3× 10−7, which is equivalent to a

5-σ violation assuming Gaussian statistics. We believe tests of local realism require similarly small p-values.

P-values can be tricky to interpret, which further reinforces the need to be very strict when performing a

hypothesis test.

In our case, beyond allowing one to rule out local realism, p-values from Bell inequality violations can
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also be used as certificates for cryptographic applications, such as random number generation, that rely

on a Bell test [41, 38]. And therefore any invalidity in the testing technique again results in loopholes an

adversary can exploit. Furthermore, it should be noted that all of the methods discussed here in performing

Bell tests (e.g., understanding assumptions, determining system parameters from training data which is

then discarded, choosing the duration of the experiment and desired confidence prior to performing an

experiment) are not only relevant for Bell tests. Every experiment should follow these guidelines. That is,

every experiment should thoroughly consider all assumptions, acknowledge where the assumptions fail (e.g.,

at the tail ends of a Gaussian distribution, the normally-distributed approximation most likely has failed),

and perform proper hypothesis testing where applicable. Finally, every experiment should be careful not to

use final data sets to determine analysis parameters.
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Chapter 4

Bell Violation With no Fair-Sampling
Assumption

In this chapter, we report on a valid violation of a Bell inequality, which is published in Ref. [38]1. Specifically,

our experiment uses polarization entangled photons to fully close the detection loophole. Here, we discuss the

system in detail, and describe the relevant aspects of collecting our entangled photons with high efficiency.

Moreover, we apply the stronger-than-classical correlations to verify the creation of true random numbers,

achieving rates over 4 orders of magnitude beyond all past experiments. Finally, we conclude with a discussion

on changes that can be made to improve different aspects of the system.

4.1 Detection-loophole-free Bell inequality

Consider again the CH Bell inequality, which places the following constraint on any local realistic theory:

SCH = p(1, 1|0, 0) + p(1, 1|0, 1) + p(1, 1|1, 0)− p(1, 1|1, 1)− p(a = 1|x = 0)− p(b = 1|y = 0)
L
≤ 0. (4.1)

The inequality can be violated using maximally entangled states (e.g.,(|HH〉+ |V V 〉) /
√

2, where H and V

represent the polarization of the photons), assuming a detection efficiency η > 2(
√

2− 1) ≈ 0.828; this is the

lower efficiency limit for any maximally entangled two-particle, two-measurement-setting system measured

with a pair of detectors [42]. However, further analysis by Eberhard [20] showed that with non-maximally

entangled states, e.g.,

|ψr〉 = (|HH〉+ r|V V 〉) /
√

1 + r2, (4.2)

the detector efficiency requirement could be reduced to 2/3, although no background counts in the detector

can be tolerated in this limit. Essentially, using a small value of r, one can choose x = 0 and y = 0 to

nearly block the vertically polarized single counts (thereby decreasing the p(a = 1|x = 0) and p(b = 1|y = 0)

1Portions of this chapter c©2013, American Physical Society. Used with permission.
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terms which contribute negatively to the Bell inequality in Eq. 4.1), while choosing x = 1 and y = 1 to

maximize the positive terms. In this limit, the chosen measurements are essentially crossed polarizers (i.e., we

produce mostly V-polarized photons, while our measurements settings are projecting onto H-polarization),

and therefore any unpolarized noise or background noise is significantly amplified relative to the signal we

are trying to detect.

As described in Chapter 3, we determine the probabilities in Eq. 4.1 by normalizing the measured singles

and coincidence rates to the number of trials with the specific analyzer setting for each term. We can then

write

SCH =
J(0, 0)

N(0, 0)
+
J(0, 1)

N(0, 1)
+
J(1, 0)

N(1, 0)
− J(1, 1)

N(1, 1)
− SA(0)

NA(0)
− SB(0)

NB(0)

L
≤ 0, (4.3)

which is the Bell inequality whose violation we describe in this chapter.

In order to avoid the coincidence-time loophole [31] (discussed in Chapter 3), we use a Pockels cell between

crossed polarizers to periodically transmit short “bursts” of the pump laser. Each burst corresponds to a

single well-defined “event”, easily distinguished with the detectors. Care must still be taken, however, to

guarantee that there is no temporally-correlated effect that unduly affects the measured counts. For example,

laser power drift can lead to a violation even with non-entangled photons, if the order of the measurements

is not made randomly. We address this issue by measuring each of the terms in Eq. 4.3 multiple times while

randomly choosing the detector settings, and then determine the counts and relative errors (due to both

finite counting statistics as well as multiple measurements of each term).

4.2 Entangled photon source

For our entanglement source (see Fig 4.1), we use a mode-locked frequency-tripled Nd:YAG laser (120-

MHz repetition rate, 5-ps pulse width, λ = 355 nm). Our type-I phase-matched spontaneous parametric

downconversion source [43, 44] consists of a pair of BiBO crystals, cut at θ = 141.8o, φ = 90o, and γ =

0o(90o) for the first (second) crystal. Each crystal is only 200-µm thick to reduce the birefringent walkoff

of the two downconversion beams (∼ 20µm). We precompensate the temporal walkoff [45] with a 550-

µm-thick piece of BBO (cut at θ = 90o), resulting in very high entanglement quality (with an interference

visibility 99.70 ± 0.05%, i.e., how well the |HH〉 and |V V 〉 terms interfere in an arbitrary basis). The

degree of entanglement of the downconverted photons can be controlled using waveplates to manipulate

the pump polarization, i.e., a pump polarization of
(
|V 〉+ reiφ|H〉

)
/
√

2 will produce the entangled state
(
|HH〉+ rei(φ+φc)|V V 〉

)
/
√

2, where φc is the relative phase picked up in the nonlinear crystals [44].
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Figure 4.1: A diagram of the system used to violate the CH Bell inequality. We “pulse” our laser (L) by
putting a Pockels cell (PC) between crossed polarizers (P1 and P2). The Pockels cell is periodically turned
on for a short time to allow 240 laser pulses to transmit through P2, thus creating “event intervals” that
the detectors can distinguish, which we can then use as well-defined trials. Downconversion is produced in
paired nonlinear BiBO crystals (NLC). The produced state is controlled through the half-wave plates HWP1
and HWP2, which control the relative amplitude and phase of the |HH〉 and |V V 〉 downconversion terms.
We attain very high entanglement quality by compensating temporal decoherence caused by group-velocity
dispersion in the downconversion crystals [45], using a BBO crystal (TC). The downconversion creation spot
is imaged onto a single-mode fiber (SMF). HWP3 sets the basis for the polarization analysis (based on input
from QRNG data) by the Brewster’s angle polarizing beam splitter (PBS). Custom spectral interference
filters (IF) are used to only detect spectrally conjugate photons. Finally, the photons are detected by
transition-edge-sensor (TES) detectors; the output signals are sent to a time-to-digital converter (TDC) to
record all detection event times.

The pump is focused to a 350-µm radius waist on the crystal, while the downconversion is collected

from a 60-µm waist, which is located near the crystals. To image the downconversion crystal spot onto the

collection fiber, we use a 250-mm focal length plano-convex lens with an 11-mm focal length asphere on each

arm of the downconversion. All lenses are anti-reflection coated. Here, to a very high approximation, the

collection of one photon into a SMF heralds a photon in a well-defined Gaussian mode on the opposite side

of the downconversion cone. We are able to collect the conjugate photon in its own SMF with an estimated

90% efficiency (assuming no other losses). The SMF is then fusion-spliced to a fiber connected to a TES

detector [22].

These detectors, supplied by NIST in Boulder, are made using a thin tungsten film embedded in an

optical stack of materials to enhance the absorption [46]. Photons are delivered to the detector stack using

a SMF for 1550 nm, which is anti-reflection (AR)-coated for 710 nm and fusion-spliced (with less than 5%

loss2) to the 710-nm SMF used for downconversion collection. The detectors, cooled to ∼ 100 mK using

an adiabatic demagnetization refrigerator, are voltage-biased at their superconducting transition so that

absorbed photons cause a measurable change in the current flowing through the tungsten film. The change

in current is measured with a superconducting quantum interference device (SQUID) amplifier, the output

2Splice loss is hard to measure, so we give an overestimation of the loss.
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of which is connected to room-temperature electronics for processing before being sent to a time-to-digital

converter (TDC). The stream of timetags from the TDC are sent to a computer and saved for later analysis.

At the 710-nm wavelength of our entangled photons, the TES detectors have a net efficiency (including loss

in the input fiber, fusion splice, and from the AR coating being imperfect over our large bandwidth) of 0.95±

0.01. In fact, the development of such high efficiency detectors was the very advance that enabled both our

experiment, and a competing one [47]. Unfortunately, the readouts of the TES detectors also have a rather

large timing jitter, ∼ 500 ns. For our experiment, a high-power PBS and HWP attenuate the laser power

(from 4 W to ∼20 mW) to reduce the number of pairs produced per second (multi-photon downconversion

events harm the Bell violation, and the problem is greatly exacerbated by the 1-µs coincidence window

to accommodate the large TES jitter). As the TES detector jitter is also much larger than the interpulse

spacing of our pulsed laser (1 µs compared to 8.3 ns), we use a BBO Pockels cell (Extinction Ratio (ER)

> 300 : 1) followed by a standard birefringent polarizer to create 2-µs-long pulse trains at a 25 kHz rate

(approximately 240 laser pulses).

The polarization correlations for the Bell test are measured with a polarization analyzer consisting of

a fixed Brewster’s angle polarizing beam splitter (we detect the transmitted photons with an extinction

ratio > 8700:1 and transmission > 99%), preceded by a motion-controlled AR-coated half-wave plate (at

710 nm) to choose the basis of the projective measurement. In the experiment we randomly choose the

measurement settings (x = 0 or x = 1, y = 0 or y = 1, see Table 4.1) using the output from a separate

photon-arrival-time-based quantum random number generator (QRNG) [48].

Finally, in each arm we use a combination spectral filter, comprised of two interference filters (see Fig. 4.2),

centered on twice the pump wavelength (710 nm). One of the filters has a lower bandedge at ∼700 nm (this

was custom set at the company, Semrock, by heat treating the filter), while the other filter has an upper

bandedge that can be tuned (to lower wavelengths) by tilting the filter. We then tilt this filter to maximize

the heralding efficiency, which will set the upper bandedge to ∼720 nm (to satisfy energy conservation, the

wavelength of the upper edge for the signal photon must be conjugate to the lower edge of the idler photon

and vice versa, i.e. 1
λsignal,upper

= ( 1
λpump

− 1
λidler,lower

)−1). We were thus able to achieve a spectral heralding

efficiency (the heralding efficiency if there is no other loss in the system) of 95%. After accounting for all

losses, the total system efficiency is ∼76% from the |HH〉 crystal, and ∼69% efficiency from the |V V 〉 crystal

(due to birefringent transverse walkoff, which reduces the collection of this mode). However, because the

measurements are made at angles near H, we estimate the net effective system efficiency to be 75% ± 2%,

sufficient to violate a Bell inequality without needing any extra fair-sampling assumption
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Figure 4.2: The combined filter spectrum. The lower bandedge (at 700 nm) is set by a fixed filter, while
the upper bandedge (at 720 nm) is set by a tunable filter. The upper bandedge is controlled by tilting the
tunable filter, and adjusted to maximize the heralding efficiency. The resultant spectral heralding is 95%.

4.3 Background counts and desired state

To determine the optimal r value (in Eq. 4.2), we first need to characterize the system noise. The state

that maximally violates a CH Bell inequality is a compromise between non-unit system efficiency (which

pushes to smaller r values) and non-zero (unpolarized) background counts (contributing to the singles rate,

which limits the minimum usable r value) [20]. The noise in our experiment is dominated by stray photons

(e.g., counts from LEDs in the room) and of broadband fluorescence from the crystal. The fluorescence rate

(broadband emission believed to be mostly from the anti-reflection coating on the BiBO crystal surfaces)

was measured by pumping the crystal with only an H(V)-polarized pump, and orienting the downconversion

photon polarizers to H(V) as well. By accounting for the extinction ratio of the polarizer, we can estimate

the number of unpolarized broadband (i.e., not downconversion) photons produced from the crystal. We

observed rates ranging from 0.15% to 0.25% of the singles counts (i.e., if we had 10,000 singles counts per

second, measured with V-polarizers when the pump was H-polarized, we would see between 15-25 fluorescence

counts per second, after H-polarizers). The rate would vary depending on the spot being pumped on the

crystal, and also increased over time; we suspect the coating on the crystal surface started to degrade under

exposure to the UV laser.

In addition, we also detected approximately 8 cps of stray photons coupled into the SMF, i.e., even with

the pump laser off. While these noise counts may seem minor, they increase the required detection efficiency

from 2/3 (with no noise) to ∼ 73%. For these background levels in our experiment, and estimated system

detection efficiency, a value of r = 0.26 allows us to maximally violate the CH inequality3.

3Note that while using a non-maximally entangled state allows us to reduce the required system efficiency to achieve any
violation, the actual value of the Bell parameter (according to quantum mechanics) achievable with such a state approaches
the local realistic bound as r → 0, which is the reasoning for the form of the plot in Fig. 3.4.
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Table 4.1: The accumulated measurements. We used the settings (x = 0) = 3.8o, (x = 1) = −25.2o,
(y = 0) = −3.8o, (y = 1) = 25.2o, and r = 0.26, see Appendix A for a discussion on the calculation of the
settings. We cycled through these measurement settings randomly (using QRNG data [48] to pick the basis
for a given run), changing the measurement settings in intervals of 1 second, with approximately 25,000
trials in each 1 second interval. The data corresponds to SCH = 5.4 × 10−5, larger than the local realistic
bound of SCH ≤ 0), and a p-value of 1.16× 10−10.

Settings Singles(A) Coincidences Singles(B) Trials
x = 0, y = 0 46,068 29,173 46,039 27,153,020
x = 0, y = 1 48,076 34,145 146,205 28,352,350
x = 1, y = 0 150,840 34,473 47,447 27,827,318
x = 1, y = 1 150,505 1,862 144,070 27,926,994

4.4 Data for detection-loophole-free Bell test

We collected timetags for the Bell test in “blocks” of 1 second (25,000 trials per second) at each measurement

setting, for a total of 4450 blocks. Note that this is a slight violation of the definition of a trial we have been

using, in that we do not have a new unique setting for each output. However, this fact is actually taken

into account in the p-value analysis [35], where the trial output now consists of the entire 1-s measurement

block (instead of a binary 0 or 1 output). Therefore, to progress to a full loophole-free Bell test, we “only”

need to spacelike separate all relevant events. The data, summarized in Table 4.1, shows a p-value of

2−33 = 1.16x10−10 (for comparison, this p-value is a 6.3-σ standard deviation equivalent) [35], which we

conclude is sufficient to reject our null hypothesis that local realism explains the results of our experiment.

An interesting way to “interpret” this p-value, would be to ask the following: assuming local realism is

correct and given that we have 1.2 hrs of data, how long, on average, would it take a local realistic model

to reproduce our test statistic? In this case, one would need to perform the experiment for 1.2x106 years

(we would have to have started the experiment around the same time the first humans appeared!). The SCH

parameter, for use in private randomness expansion, was measured to be SCH = 5.4x10−5. Our results are in

good agreement with those predicted using our measured entangled state, after accounting for the measured

background and fluorescence noise.

As we have made a no-signaling assumption, that is we assumed, e.g, p(a|x, y) = p(a|x, y′), we should

make a check on the data to verify that we have not clearly violated the assumption. To do so, we can

look at the all of the local probability terms, and check their dependence on the non-local setting choice.

As the counts are rare events, they should (assuming no additional noise) follow Poissonian statistics. Any

additional noise in the system will only increase the uncertainty beyond Poissonian statistics; therefore,

as long as the local count rates between two different non-local setting choices are within 1 to 2 standard

deviations of each other (assuming Poissonian statistics), then we can say that the no-signaling assumption

41



Table 4.2: The no-signaling checks. Here, we apply Eq. 4.4 to the four possible combinations and report the

standard deviation distance between the two local distributions. For visual clarity, we define S
(N)
A (x|y) ≡

SA(x|y)/N(x, y) as the normalized singles counts. The values here are well within the expected range,
implying that there is no clear violation of no-signaling.

No-signaling term Standard deviation distance

S
(N)
A (0|y=0)−S(N)

A (0|y=1)√
SA(0|y=0)

0.12

S
(N)
A (1|y=0)−S(N)

A (1|y=1)√
SA(1|y=0)

2.25

S
(N)
B (0|x=0)−S(N)

B (0|x=1)√
SB(0|x=0)

-1.20

S
(N)
B (1|x=0)−S(N)

B (1|x=1)√
SB(1|x=0)

-0.16

has not clearly been violated. Thus we expect to see

SA(x|y = 0)/N(x, 0)− SA(x|y = 1)/N(x, 1)

σx|y=0/N(x, 0)
≈ SA(x|y = 0)/N(x, 0)− SA(x|y = 1)/N(x, 1)√

SA(x|y = 0)/N(x, 0)
≈ 1. (4.4)

where SA(x|y = 0) is the singles counts on Alice side at setting x, given Bob choosing setting y, and σx|y=0

is the uncertainty of SA(x|y = 0) (under Poissonian statistics, σx|y=0 =
√
SA(x|y = 0)). The denominator

here can be either of the two singles term’s uncertainty, as it does not change the calculation significantly.

The no-signaling check is performed similarly for Bob. We expect to see the absolute values to be mostly less

than 1 (∼ 68% of the terms should have absolute values < 1), and occasionally values as high as 2 (∼ 95% of

the absolute values should be < 2). When we start seeing multiple values around 3 or more, then we should

begin to check the data for systematic errors (as we have only 4 no-signaling checks, see Table 4.2 for the

4 possible terms, the probability of a single 3-σ event is 4× 0.25% ≈ 1%, the probability of multiple values

near 3 is on order of 10−4, a very unlikely random occurrence). It is important to emphasize again, that

passing this check does not guarantee the assumption was correct — we can only check if the assumption is

invalid. The four different no-signaling checks are shown in Table 4.2, indicating there is no clear violation

of the no-signaling assumption.
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4.5 Device-independent randomness expansion

The high entanglement quality, along with the detection-loophole-free capability, offers interesting possibili-

ties for applications, notably for “device-independent” quantum information processing. Here the goal is to

implement a certain protocol, and to guarantee its security, without relying on assumptions about the inter-

nal functioning of the devices used in the protocol. Being device-independent, this approach is more robust to

device imperfections compared to standard protocols, and is in principle immune to “side-channel attacks4”

(which were shown to jeopardize the security of some experimental quantum cryptography systems).

One prominent example is device-independent randomness expansion (DIRE) [33, 49, 50, 51], which uses

the random outcomes in a Bell test to produce a string of random numbers. Strictly speaking, we do not

generate randomness, as we always require a “seed” of some sort; in our case, we require a random seed to

set the inputs into the Bell test (if done correctly, future inputs can be determined by previous outputs).

In that sense, we only securely expand the random seed into a longer secure random string. By performing

local measurements on entangled particles, and observing nonlocal correlations between the outcomes of

these measurements, it is possible to certify the presence of genuine randomness in the data in a device-

independent way. DIRE was previously demonstrated in a proof-of-principle experiment using entangled

atoms located in two traps separated by one meter [33]; however, the resulting 42 random bits required a

month of data collection! Here we show that our setup can be used to implement DIRE much more efficiently.

The intrinsic randomness of the quantum statistics can be quantified as follows. The probability for any

observer (hence, for any potential adversary) to guess the measurement outcome (of a given measurement

setting) is bounded by the amount of violation of the CH inequality: pguess ≤ (1 +
√

2− (1 + 2SCH)2)/2

[33] (neglecting finite size effects); i.e., pguess = 1 when SCH = 0, and pguess = 1/2 when SCH ≈ 0.207 (the

maximum allowed by quantum mechanics). In turn, this leads to a bound on the min-entropy per bit of

the output data, Hmin = −log2(pguess). Finally, secure private random bits can be extracted from the data

(which may in general not be uniformly random) using a randomness extractor [52]. At the end of the

protocol, a final random bit string of length L ≈ N ∗Hmin − S is produced, where N is the length of the

raw output data, and S includes the inefficiency and security overhead of the extractor.

Over the 4450 measurement blocks (each block features 25,000 events), we acquire 111,259,682 data

points for 3 hours of data acquisition. The average CH violation of SCH = 5.4x10−5 gives a min-entropy of

Hmin = 7.2x10−5. Thus, we expect ∼ 8700 bits of private randomness, of which one could securely extract

at least 4350 bits. The resultant rate (0.4 bits/s) improves by more than 4 orders of magnitude over the bit

4A side-channel attack is an attack based on the actual implementation, rather than a theoretical weakness, of the protocol.
For example, exploiting the coincidence-time loophole to fake a Bell test in Chapter 3 was a side-channel attack, because the
system implemented the Bell test improperly.
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rate achieved in [33] (1.5x10−5 bits/s). This shows that efficient and practical DIRE can be implemented

with photonic systems.

4.6 Prospects and shortcomings of the system

While the system described above had incredibly high visibility and impressive heralding efficiency at 710 nm,

for future Bell tests (e.g., a completely loophole-free Bell test that also incorporates spacelike separations,

and Bell tests with larger inputs), the system does have limitations. In this section, we will look at the two

important metrics, heralding efficiency and interference visibility, for our system.

4.6.1 Heralding efficiency limitations

To transition from a detection-loophole-free Bell test to a full loophole-free Bell test, one must separate Alice

and Bob’s detection systems such that the relevant events are spacelike separated. First, the large increase in

distance the photons must travel introduces a non-negligible loss, either due to transmission losses in optical

fibers, or significantly increased sensitivity to vibrations, which even with active feedback will introduce loss

when coupling the photons to the detectors. And second, the spacelike separation requires active switching

elements, which introduces more loss since they typically have more interfaces and the photons must travel

through more material (than just a AR-coated halfwave plate); in our lab the best Pockel cells still have

∼ 1% loss. To view how much additional loss the current system can handle, it is informative to normalize

the Bell inequality in a slightly different manner:

S ′CH =

J(0,0)
N(0,0) + J(0,1)

N(0,1) + J(1,0)
N(1,0) −

J(1,1)
N(1,1)

SA(0)
NA(0) + SB(0)

NB(0)

L
≤ 1. (4.5)

Here, the numerator consists of the coincidence counts, which are proportional to ε2, where ε is the system

efficiency, and the denominator is porportional to ε. Thus, the Bell parameter S ′CH is proportional to the

system efficiency. A plot of our measured values of S ′CH versus the state-entanglement parameter (r) is

shown in Fig. 4.3. We achieve a maximum of S ′CH = 1.015 ± 0.002, implying a 1.5% efficiency overhead

(i.e., we could tolerate 1.5% more loss in each channel, with the current level of background). If we consider

a low-loss active switch, e.g., Pockels cells, of 1%, then the photon’s trip to Alice and Bob’s remote labs

must be done with < 1% loss. Ideally, one would use optical fiber as the channel to the remote labs (using

mirrors introduces significant beam-pointing control problems due to the long lever arms of each mirror).

Unfortunately, 710 nm is a poor wavelength for low-loss fiber; the lowest loss available are pure silica core
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Figure 4.3: A plot of the Bell parameter S ′CH (Eq. 4.5) as a function of the produced entangled state.
S ′CH > 1 (red dashed line) is not possible for any local realistic theory. Data points in black are the measured
S ′CH as r is varied in the state (r|HH〉+ |V V 〉) /

√
1 + r2; r = 1 (0) corresponds to a maximally entangled

(separable) state. For this plot, every data point was measured for 30 seconds at each measurement setting;
the particular settings were optimally chosen based on the model of our source for each value of θ. The blue
line represents the Bell parameter we expect from the model of our source. Here, to improve the statistics,
we did not pulse our source with the Pockels cell. We see violations for 0.20 < r < 0.33.

fibers from Nufern, which we measured to have a core attenuation of ∼ 3.6 dB/km (Nufern specs the fiber

at < 10 dB/km). With this fiber, we expect approximately 2.5% loss in the transmission to the remote labs

(assuming 30 m to each lab). Thus, to achieve a loophole-free Bell test, we would need to further increase

our heralding efficiency.

With our system, we have a known loss due to chromatic dispersion in the 11-mm lenses (across the 20-nm

bandwidth, the different colors see a different focal length, and thus some wavelengths couple worse into the

fiber than others, leading to an average 2% loss). By replacing the lenses, we would have a 3.5%-efficiency

overhead, which is approximately equal to the amount of additional loss we expect to enter the system.

Another possible method to recover additional efficiency overhead would be to use adaptive optics (e.g., a

deformable mirror) to improve coupling into the single-mode fiber. However, the improvement is likely to

be negligible, based on theoretical estimates of the optimal coupling our source could achieve — although

we appear to still be able to improve the fiber coupling by approximately 1%, the deformable mirror itself

introduces approximately the same amount of loss (the reflectivity is only 99%). Thus we are within the

uncertainty of our measurements as to whether our system can perform the loophole-free Bell test; without

additional overhead, it would be unlikely to succeed. Instead, as we will see in Chapter 5, we can use a

1550-nm source of entangled photons, where fiber losses are < 0.5 db/km.
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4.6.2 Visibility limitations

z  

y  
x  

Figure 4.4: A depiction of the ordinary polarization (|o〉) for the two downconversion crystals. In a negative
uniaxial crystal, the Type-I downconversion process is e→ oo, where the downconverted photon’s ordinary
eigen-polarization obeys ô · ĉ = 0 and ô · k̂ = 0, where ô is the ordinary polarization unit vector, ĉ is
the crystal axis unit vector, and k̂ is the propagation direction of the downconverted photon (and the
extraordinary eigen-polarization of the pump is orthogonal to the pump’s ordinary polarization). Here, if we

collect downconversion with a non-zero opening angle (k̂ not parallel to the pump), and with a crystal axis
(ĉ) that is not vertical, then the eigen-polarizations in the crystal for the downconverted photons are not
necessarily the H/V basis (where |H〉 is defined to be a polarization in the x − z plane, and |V 〉 is defined

to be a polarization entirely in the y direction. In the left crystal, k̂ and ĉ are co-planar (both are in the
x − z plane), thus the ordinary polarization is simply |V 〉 (it must be orthogonal to the x − z plane, and

thus it must be entirely in the y direction). However, if k̂ and ĉ do not form the y − z plane, as in the right
crystal, then the ordinary polarization is slightly rotated out of the H/V basis (i.e., its polarization is not in
the x− z plane). This effect causes us to no longer make a perfect maximally entangled state, which is the
dominant source of entanglement degradation in our system, as we have corrected the other major sources
of decoherence.

The incredible visibility (99.7%) of our entanglement source allows for the challenging Bell tests discussed

in Chapter 6. However, it is important to note why there is a “missing” 0.3%. In our system, by coupling

into a single-mode fiber, we have removed any spatial-mode decoherence. By temporally compensating for

the group velocity dispersion in the crystal, we have also removed any spectral decoherence, thus leaving us

with the dominant docoherence being from not creating the correct polarization states. That is, one of the

crystals does not actually produce the desired state |HH〉, whereas the other crystal accurately produces

|V V 〉. To understand this effect, consider a negative uniaxial crystal (while BiBO, our crystal of choice due

to its high nonlinearity, is biaxial, a similar but more complicated analysis can still be done). In this case,

the downconversion process is e→ oo (i.e., an extraordinary polarized pump downconverts to two ordinary

polarized photons). Now, the extraordinary polarization is along the crystal optic axis, whereas the ordinary

ray is orthogonal to the optic axis, as shown in Fig. 4.4. The issue is this: since we collect downconversion

at a 3◦ angle (relative to the pump), and since our crystal axis (ĉ) is also cut at a somewhat large angle

(141.8◦), this results in the |H + δ〉 = |H + 1.5◦〉 polarization state. If we consider the other photon in

the pair, its k-vector is at −3◦, which results in the polarization state of |H − δ〉 = |H − 1.5◦〉, for a final
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entangled state of |V, V 〉 + |H + 1.5◦, H − 1.5◦〉. This state has a 99.7% visibility, and cannot be unitarily

transformed into a maximally entangled state (or our desired nonmaximally entangled state), as the two

terms have different eigen-bases.

This effect can be eliminated (or significantly reduced) in a few ways. First, the effect depends on

having a sizable opening angle, so decreasing the opening angle from 3◦ reduces the effect, and collinear

downconversion (both photons propagate in the same direction as the pump) completely eliminates it.

However, we typically work at 3◦ so that it is easy to separate the two photons; moving towards collinear

downconversion requires other techniques to split the two photons, e.g., using non-degenerate downconversion

and a dichroic mirror to separate the colors. Alternatively, periodically-poled crystals do not observe this

effect, as the crystal axis is not at an angle (however, periodically-poled downconversion sources are almost

always required to be collinear). One could also use the crystal temperature to adjust the indices of refraction

to achieve “non-critical” phase matching, from which again crystal axis is then vertical (though, this method

may be impractical due to the potentially high temperatures required). Finally, one could use Type-II

downconversion (i.e., f → sf), as it can require smaller crystal cuts (in this case, the temporal compensation

becomes more challenging due to the 3 different group velocities one has to consider). Of these methods, the

most practical is most likely producing collinear downconversion with periodically-poled crystals to achieve

the next level of visibilities (> 99.99%). Nevertheless, our existing system still has very high visibility, which

allows us to make the intriguing advanced quantum nonlocality measurements presented in Chapter 6.
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Chapter 5

A Loophole-Free Bell Test

With the detection-loophole closed with a photonic source, the next experimental step is to address all

loopholes simultaneously. To this end, in collaboration with Krister Shalm, and many others, we performed

a loophole-free Bell test at NIST-Boulder, which is published in Ref. [28]1. In this chapter, we present our

loophole-free violation of local realism using entangled photon pairs. We ensure that all relevant events in

our Bell test are spacelike separated by placing the parties far enough apart and by using fast random num-

ber generators and high-speed polarization measurements. A high-quality polarization-entangled source of

photons, combined with high-efficiency, low-noise, single-photon detectors, allows us to make measurements

without requiring any fair-sampling assumptions. We compute p-values as small as 5.9× 10−9 for our Bell

violation while maintaining the spacelike separation of our events. Based on our experimental results, along

with the two other loophole-free Bell test experiments, one using nitrogen vacancy centers in diamonds [53],

and another with entangled photons [54], we reject the hypothesis of local realism.

5.1 Loophole-free Bell inequality

Our Bell test uses the version of the Clauser-Horne inequality presented in Eq. 2.6 [14, 20, 55] where,

according to local realism,

p(11 | 00)
L
≤ p(10 | 01) + p(01 | 10) + p(11 | 11). (5.1)

The terms p(11 | 00) and p(11 | 11) correspond to the probability that both Alice and Bob record detection

events when they choose the measurement settings {x = 0, y = 0} or {x = 1, y = 1}, respectively. Similarly,

the terms P (10 | 01) and P (01 | 10) are the probabilities that only Alice or Bob record an event for settings

{x = 0, y = 1} and {x = 1, y = 0}, respectively. A local realistic model can at best saturate this inequality,

while the probability distributions of entangled quantum particles can violate it.

1This article is available under the terms of the Creative Commons Attribution 3.0 License. Published by the American
Physical Society. This work includes contributions of the National Institute of Standards and Technology, which are not subject
to U.S. copyright. Used with permission.
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To quantify our Bell violation we construct a hypothesis test based on the inequality in Eq. (5.1). The

null hypothesis we test is that the measured probability distributions in our experiment are constrained by

local realism. Our evidence against this null hypothesis of local realism is quantified in a p-value that we

compute from our measured data using a test statistic. Our test statistic is similar to the example presented

in Section 3.3. Here, the null hypothesis achieves (at best) p(11 | 00) = p(10 | 01) + p(01 | 10) + p(11 | 11),

similar to the fair-coin hypothesis having p(heads) = p(tails). Our “heads” is then C(11|00), and a coin

flip occurs if there is an event in the set {C(11|00), C(10|01), C(01|10), C(11|11)}. The p-value is calculated

somewhat similar as before. In our case, to ensure proper analysis for computing the p-value, we use a

martingale binomial technique from [55] that makes no assumptions about the distribution of events and

does not require that the data be independent and identically distributed [56] as long as appropriate stopping

criteria are determined in advance. This technique is, in essence, the same as used in Section 3.3, where

p(heads) = p(11|00), and p(tails) = p(10|01) + p(01|10) + p(11|11). In this case, the “number of heads” is

C(11|00) and total coin flips is C(11|00) + C(10|01) + C(01|10) + C(11|11), the p-value is then calculated

accordingly2.

5.2 The entanglement source

In our experiment, the source creates polarization-entangled pairs of photons and distributes them to Alice

and Bob, located in distant labs. At the source location a mode-locked Ti:Sapphire laser running at repetition

rate of approximately 79.3 MHz produces picosecond pulses centered at a wavelength of 775 nm (Fig. 5.1).

These laser pulses pump an apodized3 periodically poled potassium titanyl phosphate (PPKTP) crystal to

produce photon pairs at a wavelength of 1550 nm via the process of spontaneous parametric downconversion

[57]. The downconversion system was designed using the tools available in [58]. The PPKTP crystal is

embedded in the middle of a polarization-based Mach-Zehnder interferometer that enables high-quality

polarization-entangled states to be generated [59]. While here we use beam-displacers, the idea is similar to

the interferometer shown Fig. 1.4a. In this case, we form an interferometer with polarizing beam displacers

(instead of polarizing beam splitters), since they are typically higher quality.

Varying the polarization analyzer angles at Alice and Bob, we measure the visibility of coincidence

detections for a maximally entangled state to be 0.999 ± 0.001 in the horizontal/vertical polarization basis

2One notable difference between the coin flips and the Bell test is that the Bell test has a distribution of setting choices,
which one can take into account by increasing the likelihood a local realistic model would be able to produce C(11|00) events.

3In a normal periodically poled crystal, the nonlinearity is a rectangular function in time, which causes the spectrum of
downconversion to be a sinc function (Fourier transform of the rectangular function). This is undesirable as the secondary
lobes of the sinc function cause additional spectral modes, thereby reducing the net collection efficiency. To solve this issue,
the crystal is apodized, which means the crystal’s nonlinearity is made to look like a Gaussian (typically by altering the poling
period across the crystal), which then has a Fourier transform of a Gaussian, and thus does not have the secondary lobes.
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Figure 5.1: Schematic of the entangled photon source. A pulsed 775 nm-wavelength Ti:Sapphire picosecond
mode-locked laser running at 79.3 MHz repetition rate is used as both a clock and a pump in our setup. A
fast photodiode (FPD) and divider circuit are used to generate the synchronization signal that is distributed
to Alice and Bob. A polarization-maintaining single-mode fiber (SMF) then acts as a spatial filter for
the pump. After exiting the SMF, a polarizer and half-wave plate (HWP) set the pump polarization.
To generate entanglement, a periodically poled potassium titanyl phosphate (PPKTP) crystal designed for
collinear Type-II phasematching is placed in a polarization-based Mach-Zehnder interferometer formed using
a series of HWPs and three AR-coated calcite beam displacers (BD). At BD1 the pump beam is split in
two paths (1 and 2): the horizontal (H) component of polarization of the pump translates laterally in the
x direction while the vertical (V) component of polarization passes straight through. Tilting BD1 slightly
sets the phase, φ, of the interferometer to 0. After BD1 the pump state is (cos(16◦) |H1〉+ sin(16◦) |V2〉).
To address the polarization of the paths individually, semi-circular waveplates are used. A HWP in path 2
rotates the polarization of the pump from vertical (V) to horizontal (H). A second HWP at 0◦ is inserted
into path 1 to keep the path lengths of the interferometer balanced. The pump is focused at two spots in
the crystal, and photon pairs at a wavelength of 1550 nm are generated in either path 1 or 2 through the
process of spontaneous parametric downconversion. After the crystal, BD2 walks the V-polarized signal
photons down in the y direction (V1a and V2a) while the H-polarized idler photons pass straight through
(H1b and H2b); the x–y view shows the resulting locations of the four beam paths. HWPs at 45◦ correct the
polarization while HWPs at 0◦ provide temporal compensation. BD3 then completes the interferometer by
recombining paths 1 and 2 for the signal and idler photons. The two downconversion processes interfere with
one another, creating the entangled state in Eq. (5.2). A high-purity silicon wafer with an anti-reflection
coating is used to filter out the remaining pump light. The idler (signal) photons are coupled into a SMF and
sent to Alice (Bob). When the SMFs are instead fusion-spliced to a superconducting nanowire single-photon
detector (SNSPD) (instead of being spliced to the fiber that sends the photons to the remote labs), we
achieve system efficiencies around 85%, close to the theoretical limit of the system. There is approximately
1% loss due to the clipping (loss due to the beam overfilling an aperture) on the beam displacers.
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Figure 5.2: Receiver station setup for Alice and Bob. A photon arrives from the source. Two half-wave plates
(HWP), a quarter-wave plate (QWP), a Pockels cell (PC), and two plate polarizers together act to measure
the polarization state of the incoming photon. The polarization projection is determined by a random
bit from XORing the outputs of two random number generators (RNG1 and RNG2) with pre-determined
pseudorandom bits (RNG3). If the random bit is “0”, corresponding to measurement setting a (b) for Alice
(Bob), the Pockels cell remains off. If the final random bit is “1”, corresponding to measurement setting a′ (b′)
for Alice (Bob), then a voltage is applied to the Pockels cell that rotates the polarization of the photons using
a fast electro-optic effect. The two plate polarizers have a combined contrast ratio > 7000 : 1. The photons
are coupled back into a single-mode fiber (SMF) and detected using a superconducting nanowire single-
photon detector (SNSPD). The detector signal is amplified and sent to a time-tagging unit where the arrival
time of the event is recorded. The time tagger also records the measurement setting, the synchronization
signal, and a one pulse-per-second signal from a global positioning system (GPS). The pulse-per-second signal
provides an external time reference that helps align the time tags Alice and Bob record. To synchronize
the internal clocks on Alice’s and Bob’s time taggers, we drive a laser diode at 10 MHz, which is split in a
fiber beam splitter and sent to Alice and Bob, where they detect the signal on a standard photodiodes. The
synchronization pulse from the source is used to trigger the measurement basis choice.
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and 0.996± 0.001 in the diagonal/antidiagonal polarization basis4. The entangled photons are then coupled

into separate single-mode optical fibers with one photon sent to Alice and the other to Bob. Alice, Bob, and

the source are positioned at the vertices of a nearly right-angle triangle (see Fig. 5.4a). Due to constraints

in the building layout, the photons travel to Alice and Bob in fiber optic cables that are not positioned

along their direct lines of sight. While the photons are in flight toward Alice and Bob, their random number

generators each choose a measurement setting. Each choice is completed before information about the

entangled state, generated at the PPKTP crystal, could possibly reach the random number generators. As

shown in Fig. 5.2, when the photons arrive at Alice and Bob, they are launched into free space, and each

photon passes through a Pockels cell and polarizer that perform the polarization measurement chosen by

the random number generators. After the polarizer, the photons are coupled back into a single-mode fiber

and sent to superconducting nanowire single-photon detectors, each with a detection efficiency of 91 ± 2 %

[21]. The detector signal is then amplified and sent to a time tagger where the arrival time is recorded. We

assume the measurement outcome is fixed when it is recorded by the time tagger5, which happens before

information about the other party’s setting choice could possibly arrive, as shown in Fig. 5.3(b).

Alice and Bob have system detection efficiencies of 74.7±0.3% and 75.6±0.3%, respectively. Background

counts from blackbody radiation and room lights reduce our observed violation of the Bell inequality. Every

time a background count is observed it counts as a detection event for only one party. As discussed in

Chapter 4, these background counts increase the heralding efficiency required to close the detector loophole

above 2/3 [20]. To reduce the number of background counts, the only detection events considered are those

that occur within a window of approximately 625 ps at Alice and 781 ps at Bob, centered around the expected

arrival times of photons from the source6. The probability of observing a background count during a single

window is 8.9 × 10−7 for Alice and 3.2 × 10−7 for Bob, while the probability that a single pump pulse

downconverts into a photon pair is ≈ 5× 10−4. These background counts in our system raise the efficiency

needed to violate a Bell inequality from 2/3 to 72.5 %. Given our system detection efficiencies, our entangled

photon production rates, entanglement visibility, and the number of background counts, we estimate the

optimal non-maximally entangled state and measurement settings for Alice and Bob. The optimal state is

given by:

4Although the final experiment was a non-maximally entangled state, high visibility (particularly in the diagonal basis)
proves that the beam-displacer-based system has sufficient coherence and stability.

5This assumption is untestable. In quantum mechanics, a measurement never occurs; to measure a state we merely entangle
the state to pointer, but to measure the pointer we must entangle it to another pointer, and so on. But to argue that our
detection events are spacelike separated, we must assume a measurement occurred at some point. As one motivation for this
experiment is randomness expansion, we allow the adversary to access the signal until it reaches our timetagger. If she has
access to our timing electronics, then she can hack the system in a plethora of other ways, so we then assume she only has
access up to this point.

6The two nanowires were not from the same fabrication run, and therefore have different characteristics. To get the high
detection efficiency, we measured many SNSPD detectors and chose the highest efficiencies.
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Figure 5.3: Minkowski diagrams for the spacetime events related to Alice (A) and the source (S) and Bob
(B) and the source (a), and Alice and Bob (b). All lightcones are shaded blue. Due to the geometry of Alice,
Bob, and the source, more than one spacetime diagram is required. In a) the random number generators
(RNGs) at Alice and Bob must finish picking a setting outside the lightcone of the birth of an entangled
photon pair. A total of 15 pump pulses have a chance of downconverting into an entangled pair of photons
each time the Pockels cells are on. The events related to the first pulse are not spacelike separated, because
Alice’s RNG does not finish picking a setting before information about the properties of the photon pair
can arrive; pulses 2 through 11 are spacelike separated. As shown in (b), pulses 12 through 15 are not
spacelike separated as the measurement is finished by Alice and Bob after information about the other
party’s measurement setting could have arrived. In our experiment the events related to pulse 6 are the
furthest outside of all relevant lightcones.
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Figure 5.4: (a) The positions of Alice (A), Bob (B), and the source (S) in the building where the experiment
was carried out. The insets show a magnified (×2) view of Alice’s and Bob’s locations. The white dots are
the location of the random number generators (RNGs). The larger circle at each location has a radius of
1 m and corresponds to our uncertainty in the spatial position measurements. Alice, Bob, and the source
can be located anywhere within the green shaded regions and still have their events be spacelike separated.
Boundaries are plotted for aggregates of one, three, five, and seven pulses. Each boundary is computed
by keeping the chronology of events fixed, but allowing the distance between the three parties to vary
independently. In (b) the p-value of each of the individual 15 pulses is shown. Overlayed on the plot are the
aggregate pulse combinations used in the contours in (a). The statistical significance of our Bell violation
does not appear to depend on the spacelike separation of events. For reference and comparison purposes only,
the corresponding number of standard deviations for a given p-value (for a one-sided normal distribution)
are shown.
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|ψ〉 = 0.961 |HAHB〉+ 0.276 |VAVB〉 , (5.2)

where H (V ) denotes horizontal (vertical) polarization, and A and B correspond to Alice’s and Bob’s

photons, respectively. From the simulation we also determine that Alice’s optimal polarization measurement

angles, relative to a vertical polarizer, are {a = 4.2o, a′ = −25.9o} while Bob’s are {b = −4.2o, b′ = 25.9o}.

Synchronization signals enable Alice and Bob to define trials based only on local information. The

synchronization signal runs at a frequency of 99.1 kHz, allowing Alice and Bob to perform 99,100 trials/s

(79.3 MHz/800). This trial frequency is limited by the rate the Pockels cells can be stably driven. When

the Pockels cells are triggered they stay on for ≈ 200 ns. This is more than 15 times longer than the 12.6 ns

pulse-to-pulse separation of the pump laser. Therefore, photons generated by the source can arrive in one of

15 slots while both Alice’s and Bob’s Pockels cells are on. Since the majority of the photon pulses arriving in

these 15 slots satisfy the spacelike separation constraints, it is possible to aggregate multiple adjacent pulses

to increase the event rate and statistical significance of the Bell violation. However, including too many

pulses will cause one or more of the spacelike separation constraints to be violated. Because the probability

per pulse of generating an entangled photon pair is so low, given that one pair has already arrived, the

chance of getting a second event in the same Pockels cell window is negligible (< 1 %).

Alice and Bob each have three different sources of random bits that they XOR together to produce their

random measurement decisions. The first source, produced by the research group of Prof. Morgan Mitchell,

is based on measuring optical phase diffusion in a gain- switched laser that is alternatively driven above then

below the lasing threshold. A new bit is produced every 5 ns by comparing adjacent laser pulses [60]. Each

bit is then XORed with all past bits that have been produced. The second source is based on the detection

of light attenuated to low mean-photon numbers. By sampling the output of a detector over an interval of

time in which the optical-state and vacuum-state contributions are balanced, the detection probability can

be set to 0.5 and used for random bit generation. This source, developed by a member of the Kwiat research

group, Michael Wayne, produces a bit on demand and is triggered by the synchronization signal. Finally,

Alice and Bob each have a different predetermined pseudorandom source, created by Kwiat group members

Joseph Chapman and Malhar Jere that is composed of various popular culture movies (such as the movie

Back to the Future) and TV shows, as well as the digits of π, XORed together7. It is important to remember

7To generate the file for Alice, we XORed the binary data string of “Back to the Future 1”, “Back to the Future 3” (which
was used in reverse order), a concatenation of episodes of “Saved by the Bell”, and a concatenation of 1× 109 digits of π after
applying a modulo 2 operation with “Monty Python and the Holy Grail”. For Bob, we XORed episodes of “Doctor Who”
(which were all concatenated together), “Back to the Future 2”, and the concatenation of Leonard Nimoy: Star Trek Memories
with episodes of “Star Trek” (this complete file was used in reverse order). More details, e.g., tests of randomness, are in [28].
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that the randomness of the measurement decision is to validate the independence assumption between the

photons and the setting choices. One could image a “quantum field” which influences both quantum random

number generators, as well as the entanglement source; however, it is hard to image this quantum field also

influencing movies produced 20 years prior to our measurement [61]! Now, suppose that a local-realistic

system with the goal of producing a violation of the Bell inequality was able to manipulate the properties

of the photons emitted by the entanglement source before each trial. Provided that the randomness sources

correctly extract their bits from the underlying processes of phase diffusion, optical amplitude sampling,

and the production of cultural artifacts, this powerful local realistic system would be required to predict the

outcomes of all of these processes well in advance of the beginning of each trial to achieve its goal. Such a

model would have elements of superdeterminism—the fundamentally untestable idea that all events in the

universe are preordained.

5.3 Loophole-free Bell test data

Over the course of two days we took a total of 6 data runs with differing configurations of the experimental

setup [62]. Here we report the results from the final dataset that recorded data for 30 minutes (see Ref. [28]

for descriptions and results from all datasets). This is the dataset where the experiment was most stable

and best aligned; small changes in coupling efficiency and the stability of the Pockels cells can lead to

large changes in the observed violation. The events corresponding to the sixth pulse out of the 15 possible

pulses per trial are the farthest outside all the relevant lightcones. Thus, we say these events are the most

spacelike separated. To increase our data rate we aggregate multiple pulses centered around pulse number

6. We consider different Bell tests using a single pulse (number 6), three pulses (pulses 5, 6, and 7), five

pulses (pulses 4 through 8), and seven pulses (pulses 3 through 9). The joint measurement outcomes and

corresponding p-values for these combinations are shown in Table 5.1. For a single pulse we measure a

p-value = 2.5 × 10−3, for three pulses a p-value = 2.4 × 10−6, for five pulses a p-value = 5.8 × 10−9, and

for seven pulses a p-value = 2.0 × 10−7, corresponding to a strong violation of local realism. Surprisingly,

aggregating 7 pulses produced worse data than aggregating 5 pulses, this is most likely due to instability in

the applied voltage of the Pockels cell.

Satisfying the spacetime separations constraints in Fig. 5.3 requires precise measurements of the loca-

tions of Alice, Bob, and the source, as well as the timing of all events. Using a combination of position

measurements from a global positioning system (GPS) receiver and site surveying, we determine the loca-

tions of Alice, Bob, and the source with an uncertainty of < 1 m. This uncertainty is set by the physical
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Table 5.1: P-value results for different numbers of aggregate pulses. Here C(11 | 00) refers to the number
of times Alice and Bob both detect a photon with settings x = 0 and y = 0, respectively. Before analyzing
the data a stopping criteria, Nstop, was chosen. This stopping criteria refers to the total number of events
considered that have the settings and outcomes specified by the terms in Eq. (5.1), Nstop = C(11 | 00) +
C(10 | 01) + C(01 | 10) + C(11 | 11). As data set presented here was a 30 minute long measurement,
we chose Nstop to be the number of expected events in a 27 minute long experiment, to ensure that the
data set would reach the stopping criteria (if we do not reach Nstop, we can not use the data set). After
this number of trials the p-value is computed and the remaining trials discarded. Such pre-determined
stopping criteria are necessary for the hypothesis test we use. The total trials include all trials up to the
stopping criteria regardless of whether a photon is detected, and is used to normalize the Bell parameter,
SCH = p(11|00)−p(10|01)−p(01|10)−p(11|11). The time difference between Bob finishing his measurement
and the earliest time at which information about Alice’s measurement choice could arrive at Bob sets the
margin of timing error that can be tolerated and still have all events guaranteed to be spacelike separated.

Aggregate Pulses C(11 | 00) Nstop Total trials P-value SCH Timing Margin (ns)

1 1257 2376 175,654,992 2.5× 10−3 3.14× 10−6 63.5± 3.7
3 3800 7211 175,744,824 2.4× 10−6 8.85× 10−6 50.9± 3.7
5 6378 12127 177,358,351 5.9× 10−9 1.42× 10−5 38.3± 3.7
7 8820 16979 177,797,650 2.0× 10−7 1.49× 10−5 25.7± 3.7

size of the cryostat used to house our detectors and the uncertainty in the GPS coordinates. There are four

events that must be spacelike separated: Alice’s and Bob’s measurement choice must be fixed before any

signal emanating from the photon creation event could arrive at their locations, and Alice and Bob must

finish their measurements before information from the other party’s measurement choice could reach them.

Due to the slight asymmetry in the locations of Alice, Bob, and the source, the time difference between Bob

finishing his measurement and information possibly arriving about Alice’s measurement choice is always

shorter than the time differences of the other three events, as shown in Fig. 5.3(b). This time difference

serves as a kind of margin; our system can tolerate timing errors as large as this margin and still have all

events remain spacelike separated. For one, three, five, and seven aggregate pulses this corresponds to a

margin of 63.5 ± 3.7 ns, 50.9 ± 3.7 ns, 38.3 ± 3.7 ns, and 25.7 ± 3.7 ns, respectively as shown in Table 5.1.

The uncertainty in these timing measurements is dominated by the 1 m positional uncertainty (see [28] for

further details on the timing measurements).

A way to visualize and further quantify the the spacelike separation of events is to compute how far

Alice, Bob, and the source could move from their measured positions and still be guaranteed to satisfy the

locality constraints, assuming that the chronology of all events remains fixed. In Fig. 5.4(a) Alice, Bob, and

the source locations are surrounded by shaded green regions. As long as each party remains anywhere inside

the boundaries of these regions their events are guaranteed to be spacelike separated. There are specific

configurations where all three parties can be outside the boundaries and still be spacelike separated, but here

we consider the most conspiratorial case where all parties can collude with one another. The boundaries are
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overlayed on architectural drawings of the building in which the experiment was performed. Four different

boundaries are plotted, corresponding to the Bell test performed with one, three, five, and seven aggregate

pulses. Minimizing over the path of each boundary line, the minimum distance that Alice, Bob, and the

source are located from their respective boundaries is 9.2 m, 7.3 m, 5.4 m, and 3.5 m for aggregates of one

pulse, three pulses, five pulses, and seven pulses, respectively. For these pulse configurations we would have

had to place our source and detection systems in different rooms than the rooms that they actually occupied

(or even move outside of the building) to compromise our spacelike separation. Aggregating more than seven

pulses leads to boundaries that are less than three meters away from the measured positions. In these cases

we are not able to make strong claims about the spacelike separation of our events.

Finally, as shown in Fig. 5.4(b), we can compute the 15 p-values for each of the time slots we consider

that photons from the source can arrive in every trial. Photons arriving in slots 2 through 11 are spacelike

separated while photons in slots 12 through 15 are not. The photons arriving in these later slots are

measured after information from the other party’s random number generator could have arrived, as shown

in Fig. 5.3(b). It appears that spacelike separation has no discernible effect on the statistical significance of

the violation. However, we do see large slot-to-slot fluctuation in the calculated p-values. We suspect that

this is due to instability in the applied voltage when the Pockels cell is turned on; consequently, photons

receive slightly different polarization rotations depending on which slot they arrive in, leading to non-ideal

measurement settings at Alice and Bob. It is because of this slot-to-slot variation that the aggregate of

seven pulses has a computed p-value larger than the five-pulse case. Fixing this instability and using

more sophisticated hypothesis test techniques [63, 32, 37] will enable us to robustly increase the statistical

significance of our violation for the seven pulse case.

5.4 Concluding remarks

The experiment reported here is a commissioning run of a Bell test machine to certify randomness. The

ability to include multiple pulses in our Bell test highlights the flexibility of our system. Our machine is

capable of high event rates, making it well suited for generating random numbers required by cryptographic

applications [41]. Currently, the amount of data collected is insufficient for randomness extraction. Future

work will focus on improving the system to increase the rate of violation, with an end goal of incorporating

the Bell test machine as an additional source of real-time randomness into the National Institute of Standards

and Technology’s public random number beacon (https://beacon.nist.gov).

It has been 51 years since John Bell formulated his test of local realism. In that time his inequality
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has shaped our understanding of entanglement and quantum correlations, led to the quantum information

revolution, and transformed the study of quantum foundations. Until very recently it has been impossible to

carry out a complete and statistically significant loophole-free Bell test. Using advances in random number

generation, photon source development, and high-efficiency single-photon detectors, we are able to observe a

strong violation of a Bell inequality that is loophole free, meaning that we only need to make a minimal set

of assumptions. These assumptions are that our measurements of locations and times of events are reliable,

that Alice’s and Bob’s measurement outcomes are fixed at the time taggers, and that during any given trial

the random number generators at Alice and Bob are physically independent of each other and the properties

of the photons being measured. It is impossible, even in principle, to eliminate a form of these assumptions

in any Bell test. Under these assumptions, as stated by John Bell, “if a hidden variable theory is local it

does not agree with our results, and if it agrees with our results then it is not local” [64].
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Chapter 6

Exploring Nonlocality

Though the experiments described in Chapter 5 effectively spell the end for local realism, we are just

beginning to explore the nonlocality that quantum mechanics offers us. Nonlocality is arguably among the

most counter-intuitive phenomena predicted by quantum theory. In recent years, the development of an

abstract theory of nonlocality has brought a much deeper understanding of the subject, revealing a rich and

complex phenomenon.

In this chapter, we present a systematic experimental exploration of the limits of quantum nonlocality.

Using the polarization-entanglement source from Chapter 4, we explore the boundary of quantum correla-

tions, demonstrate the counter-intuitive effect of more nonlocality with less entanglement, present the most

nonlocal correlations ever reported, and achieve quantum correlations requiring the use of complex qubits.

All our results are in remarkable agreement with quantum predictions, and thus represent a thorough test of

quantum theory. Pursuing these experiments is nevertheless highly desirable, as any deviation may provide

evidence of new physics beyond the quantum model. The work presented here is published in Ref. [65]1.

6.1 Introduction

Distant observers sharing a well-prepared entangled state can establish correlations which cannot be ex-

plained by any theory compatible with a natural notion of locality, as witnessed via a suitable Bell inequal-

ity violation [4]. Once viewed as marginal, nonlocality is today considered as one of the most fundamental

aspects of quantum theory [66, 67], and represents a powerful resource in quantum information science, in

particular in the context of the device-independent2 approach [68, 33, 69].

From a more abstract perspective, the recent years have been marked by several developments providing a

much deeper understanding of the phenomenon of quantum nonlocality. A generalized theory of nonlocality

1This article is available under the terms of the Creative Commons Attribution 3.0 License. Published by the American
Physical Society. Used with permission.

2Previously we discussed DIRE as a device-independent approach to randomness expansion. The notion of device-
independence is a protocol for the circumstance in which you do not trust the manufacturers of your equipment. A loophole-free
Bell test, where we supply the measurement settings, can certify that the devices are truly random, regardless of who manufac-
tured them. These device-independent protocols are not limited to only randomness, but also extend to other protocols, such
as quantum key distribution. They do, however, always require a loophole-free Bell test.
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was developed [36, 70, 66], aimed at characterizing correlations satisfying the no-signaling principle (hence

not in direct conflict with relativity). Importantly, there exist no-signaling correlations—the most notable

example being the highly nonlocal box of Popescu-Rohrlich [36]—which are stronger than any correlations

realizable in quantum theory. Characterizing the boundary of quantum correlations (i.e., the separation

from more general no-signaling correlations) is an important area of research today [13, 71, 72]. Intense

theoretical research effort is also devoted to explain why super-quantum correlations are unlikely to exist

in nature [73, 74, 75, 76, 77, 78, 79]. These ideas have clear potential to deepen our understanding of the

foundations of quantum theory (see e.g., [80] for a recent review), and may give a first glimpse of physics

beyond the quantum model [81].

Another fundamental issue is the relationship between entanglement and nonlocality. While early work

showed that the two concepts are genuinely different, it was shown recently that entanglement and nonlocality

are in fact not even monotonically related. Hence, it is possible to obtain ‘more nonlocality with less

entanglement’ not only at the qubit level [20], but also when there is no restriction on the size of the

entanglement [82, 83, 84], a strikingly counter-intuitive effect3. In particular, there exist portions of the

boundary of quantum correlations which can only be accessed using weakly entangled states [82, 83], i.e.,

these correlations are provably impossible to reach using maximally entangled states of whatever Hilbert

space dimension, even with perfect detectors. Perhaps even more surprisingly, very weakly entangled states

can lead to strongly nonlocal correlations, stronger still than the highly nonlocal PR box [85].

Although the above ideas triggered considerable attention from the theoretical community, they remain

essentially unexplored at the experimental level. Indeed, most Bell experiments performed so far [18, 86, 29,

25, 26, 27] focus on the simplest (and most famous) CHSH Bell inequality [12]; only few exploratory works

considered Bell tests in the multipartite setting [87, 88, 89], or for high-dimensional systems [90, 91, 92].

The goal of the work presented in this chapter is to start a systematic experimental exploration of the

limits of quantum nonlocality. Using a high-quality entangled-photon source, we perform a wide range of

Bell tests. In particular, we probe the boundary of quantum correlations in the simplest Bell scenario. We

demonstrate the phenomenon of more nonlocality with less entanglement; specifically, using weakly entangled

states, we observe (i) nonlocal correlations which could provably not have been obtained from any finite-

dimensional maximally entangled state, and (ii) nonlocal correlations which could not have been obtained

using a single PR box. Moreover, we observe the most nonlocal correlations ever reported, i.e., featuring

3We saw a hint of this feature when we used non-maximally entangled states to reduce the required efficiency to avoid
the detection loophole. However, one could argue that using non-maximally entangled states might be a relic of our inability
to produce and detect the entangled state, and non-maximally entangled states are simply more forgiving when measuring
nonlocality; perhaps we only observe more nonlocality with less entanglement because we struggle to observe any nonlocality
at all. For the Bell tests discussed in this chapter, even with perfect detectors we would observe more nonlocality with a single
non-maximally entangled state than with a maximally entangled state of any finite dimension — a truly bizarre result.

60



the smallest local content [93], and provide the strongest bounds to date on the outcome predictability in a

general class of physical theories consistent with the no-signaling principle [94]. Finally, we observe nonlocal

correlations which certify the use of complex qubit measurements [95].

However, to demonstrate the desired tests of nonlocality, one requires exceptionally high system qualities

(some of the measurements considered here require system efficiencies > 99%), so it is useful to once again

consider the fair-sampling and no-signaling assumptions. For example, fair-sampling is invalid if there

is measurement-setting dependent loss, which we can verify. Additionally, to not violate a fair-sampling

assumption, we must make repeated measurements in a random order to avoid periodic system noise (such

as laser power drift). Thus, by verifying there is no measurement-dependent loss, by making repeated

measurements in random orders, and by demonstrating there are no conspiratorial hidden-variable models

that exploit the fair sampling assumption (which has been shown by the loophole-free Bell test), we can

make a fair-sampling assumption to reduce the technological constraints4; furthermore, to reduce constraints

on system design, we can also make a no-signaling assumption, that is, we no longer spacelike separate

the relevant events and instead assume that the photons are not signaling each other or controlling the

measurement settings. Again, this assumption should be valid, given the disproof of conspiratorial hidden-

variable models by the loophole-free Bell test.

The results described below provide the most comprehensive experimental study of quantum nonlocality

performed so far. All our results are in remarkable agreement with quantum predictions. Nevertheless, we

believe that pursuing such a large scale exploration is of prime importance. These tests provide stringent

verifications of quantum predictions, as any deviation could indicate new physics beyond quantum theory.

6.2 Concepts and notations

Recall from Chapter 2 that a distribution is said to be local if it admits a decomposition of the form

p(a, b|x, y) =

∫
dλ q(λ)p(a|x, λ)p(b|y, λ). (6.1)

For a given number of settings and outcomes the set of local distributions forms a polytope L, the facets of

which correspond to Bell inequalities [66]. These inequalities can be written as

S =
∑

a,b,x,y

βa,b,x,yp(a, b|x, y)
L
≤ L, (6.2)

4There are still ways that the fair-sampling assumption can be invalid, such as detector saturation. However, in our case,
we believe that the most likely issue with the fair-sampling assumption is a wedge on the waveplates
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FIG. 1: Relation between different fundamental manifesta-
tions of quantum entanglement. Bell nonlocality, negativity un-
der partial transposition, and entanglement distillability represent
three facets of the phenomenon of entanglement. Understanding
the connection between these concepts is a longstanding problem.
It is well-known that entanglement distillability implies both non-
locality [9] and negativity under partial transposition [11]. Peres
[2] conjectured that nonlocality implies negativity under partial
transpose and entanglement distillability; hence represented by the
dashed arrows. The main result of the present work is to show that
this conjecture is false, as indicated by the red crosses. To com-
plete the diagram, it remains to be seen whether negativity of par-
tial transpose implies distillability, one the most important open
questions in entanglement theory. If this conjecture turns out to be
false, it would remain to be seen whether negativity under partial
transposition implies Bell nonlocality.

tures in quantum information theory. Solving this problem
is thus an important challenge as it would lead to a deeper
understanding of how different manifestations of the phe-
nomenon of entanglement relate to each other (see Fig.1).

Here, we disprove the original Peres conjecture. Specif-
ically, we present a bipartite entangled state which is PPT,
hence bound entangled, but which can nevertheless violate
a Bell inequality (see Fig. 2). We consider an entangled
state of the form

% =
4X

i=1

�i| iih i| (1)

of local Hilbert space dimension d = 3. The eigenvalues �i

and eigenvectors | ii 2 C 3 ⌦ C 3 are given in the Methods
section. They are chosen such that the state % is invariant
under the partial transposition map [12], i.e. PT(%) = (1 ⌦
TB)(%) = ⇢, where TB denotes the transposition operation
on the second subsystem. This ensures that the state % is
PPT, i.e. PT(%) ⌫ 0, and therefore undistillable [11].

Nevertheless, the state % is entangled, hence bound en-
tangled, as it can lead to Bell inequality violation. To
prove this, we consider a Bell test with two distant ob-
servers, Alice and Bob. Alice chooses between three mea-

surement settings, x 2 {0, 1, 2}, and Bob among two set-
tings, y 2 {0, 1}. Alice’s settings yield a binary outcome,
a 2 {0, 1}. Bob’s first setting (y = 0) has a ternary out-
come, b 2 {0, 1, 2}, and his second setting (y = 1) has is
binary, b 2 {0, 1}. The experiment is thus characterized by
the joint probability distribution p(ab|xy). These statistics
can be reproduced by a local model if they admit a decom-
position of the form:

p(ab|xy) =

Z
d�µ(�)p(a|x�)p(b|y�) (2)

where � represents the shared local variable distributed ac-
cording to the density µ(�). For the Bell test considered
here, all statistics of the above form satisfy the Bell inequal-
ity [27]:

I = �pA(0|2) � 2pB(0|1) � p(01|00) � p(00|10)

+p(00|20) + p(01|20) + p(00|01) (3)
+p(00|11) + p(00|21)  0.

Hence a violation of the above inequality, i.e. I > 0, im-
plies the presence of nonlocality. In particular, this can be
achieved by performing judiciously chosen local measure-
ments on the bound entangled state %. The local measure-
ments operators, acting on C 3, are denoted Ma|x for Alice
and Mb|y for Bob. The resulting statistics is given by the
probability distribution

p(ab|xy) = Tr(%Ma|x ⌦ Mb|y). (4)

These statistics do not admit a decomposition of the form
(2), as they give rise to a violation of the Bell inequality (3),
namely

I% ' 2.63144 ⇥ 10�4. (5)

Details are given in the Methods section. This proves that a
bipartite bound entangled state can give rise to nonlocality,
and thus disproves the Peres conjecture.

To derive this result, we followed a numerical optimiza-
tion method based on semi-definite programming (SDP)
[29], briefly outlined in the Methods section. The construc-
tion described above is however analytical, and was recon-
structed from the output of the optimization procedure. In
fact, slightly higher Bell violations, up to IPPT = 2.6526⇥
10�4, could be found numerically for two-qutrit PPT states.
Moreover, using the SPD techniques of Ref. [28], an upper
bound on the largest possible violation obtainable from PPT
states is here found to be Imax

PPT < 4.8012 ⇥ 10�4, hence
leaving the possibility open for a slightly higher violation
using PPT states of arbitrary Hilbert space dimension.

Finally, the fact that a bound entangled state can violate
a Bell inequality suggests potential applications in quantum
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Nevertheless, the state % is entangled, hence bound en-
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servers, Alice and Bob. Alice chooses between three mea-
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a 2 {0, 1}. Bob’s first setting (y = 0) has a ternary out-
come, b 2 {0, 1, 2}, and his second setting (y = 1) has is
binary, b 2 {0, 1}. The experiment is thus characterized by
the joint probability distribution p(ab|xy). These statistics
can be reproduced by a local model if they admit a decom-
position of the form:

p(ab|xy) =

Z
d�µ(�)p(a|x�)p(b|y�) (2)

where � represents the shared local variable distributed ac-
cording to the density µ(�). For the Bell test considered
here, all statistics of the above form satisfy the Bell inequal-
ity [27]:

I = �pA(0|2) � 2pB(0|1) � p(01|00) � p(00|10)

+p(00|20) + p(01|20) + p(00|01) (3)
+p(00|11) + p(00|21)  0.

Hence a violation of the above inequality, i.e. I > 0, im-
plies the presence of nonlocality. In particular, this can be
achieved by performing judiciously chosen local measure-
ments on the bound entangled state %. The local measure-
ments operators, acting on C 3, are denoted Ma|x for Alice
and Mb|y for Bob. The resulting statistics is given by the
probability distribution

p(ab|xy) = Tr(%Ma|x ⌦ Mb|y). (4)

These statistics do not admit a decomposition of the form
(2), as they give rise to a violation of the Bell inequality (3),
namely

I% ' 2.63144 ⇥ 10�4. (5)

Details are given in the Methods section. This proves that a
bipartite bound entangled state can give rise to nonlocality,
and thus disproves the Peres conjecture.

To derive this result, we followed a numerical optimiza-
tion method based on semi-definite programming (SDP)
[29], briefly outlined in the Methods section. The construc-
tion described above is however analytical, and was recon-
structed from the output of the optimization procedure. In
fact, slightly higher Bell violations, up to IPPT = 2.6526⇥
10�4, could be found numerically for two-qutrit PPT states.
Moreover, using the SPD techniques of Ref. [28], an upper
bound on the largest possible violation obtainable from PPT
states is here found to be Imax

PPT < 4.8012 ⇥ 10�4, hence
leaving the possibility open for a slightly higher violation
using PPT states of arbitrary Hilbert space dimension.

Finally, the fact that a bound entangled state can violate
a Bell inequality suggests potential applications in quantum
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FIG. 1: Relation between different fundamental manifesta-
tions of quantum entanglement. Bell nonlocality, negativity un-
der partial transposition, and entanglement distillability represent
three facets of the phenomenon of entanglement. Understanding
the connection between these concepts is a longstanding problem.
It is well-known that entanglement distillability implies both non-
locality [9] and negativity under partial transposition [11]. Peres
[2] conjectured that nonlocality implies negativity under partial
transpose and entanglement distillability; hence represented by the
dashed arrows. The main result of the present work is to show that
this conjecture is false, as indicated by the red crosses. To com-
plete the diagram, it remains to be seen whether negativity of par-
tial transpose implies distillability, one the most important open
questions in entanglement theory. If this conjecture turns out to be
false, it would remain to be seen whether negativity under partial
transposition implies Bell nonlocality.

tures in quantum information theory. Solving this problem
is thus an important challenge as it would lead to a deeper
understanding of how different manifestations of the phe-
nomenon of entanglement relate to each other (see Fig.1).

Here, we disprove the original Peres conjecture. Specif-
ically, we present a bipartite entangled state which is PPT,
hence bound entangled, but which can nevertheless violate
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state of the form
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Nevertheless, the state % is entangled, hence bound en-
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[the inequalities pðabjxyÞ ≥ 0] using the same polytope
algorithms that allow one to list the facets of L given its
vertices. The vertices of L, the local deterministic points dλ,
are clearly also vertices ofNS (since they cannot be written as
a convex combination of any other behavior). All other
vertices of NS are nonlocal.
The geometry of the no-signaling set and its relation to L is

particularly simple for the Δ ¼ 2, m ¼ 2 Bell scenario. In this
case, the no-signaling behaviors form an 8-dimensional sub-
space of the full probability space P. The local polytope
consists of 16 vertices, the local deterministic points, and 24
facets. Sixteen of these facets are positivity inequalities and
eight are different versions, up to relabeling of the inputs and
outputs, of the CHSH inequality. The no-signaling polytope,
on the other hand, consists of 16 facets, the positivity
inequalities, and 24 vertices. Sixteen of these vertices are
the local deterministic ones and eight are nonlocal vertices, all
equivalent up to relabeling of inputs and outputs to the
behavior

pðabjxyÞ ¼
!
1=2; if a⊕b ¼ xy;
0; otherwise;

(36)

which is usually referred to as a PR box. It is easily verified
that the PR box violates the CHSH inequality (4) up to the
value s · p ¼ 4 > 2, the algebraic maximum. In the language
of games, this means that the CHSH game can be won with
probability pCHSH

win ¼ 1. There exists a one-to-one correspon-
dence between each version of the PR box and of the CHSH

inequality, in the sense that each PR box violates only one of
the CHSH inequalities. The PR box was introduced by
Khalfin and Tsirelson (1985), Rastall (1985), and Popescu
and Rohrlich (1994). Since the maximal quantum violation of
the CHSH inequality is 2

ffiffiffi
2

p
, it provides an example of a no-

signaling behavior that is not quantum, implying that in
general Q ≠ NS. The relation between L, Q, and NS in
the Δ ¼ 2, m ¼ 2 case is represented in Fig. 4.
The complete list of all no-signaling vertices is also known

in the case of two inputs (m ¼ 2) and an arbitrary number of
outputs (Barrett, Linden et al., 2005) and in the case of two
outputs (Δ ¼ 2) and an arbitrary number of inputs (Jones and
Masanes, 2005; Barrett and Pironio, 2005). In both cases, the
corresponding nonlocal vertices can be seen as straightfor-
ward generalizations of the PR box.

D. Multipartite correlations

Although we focused for simplicity in the preceding
sections on Bell scenarios involving n ¼ 2 systems, most
of the above definitions and basic results extend straightfor-
wardly to the case of an arbitrary number n > 2 of systems.
For instance, in the tripartite case a behavior pðabcjxyzÞ is no
signaling when

X

c

pðabcjxyzÞ¼
X

c0
pðabc0jxyz0Þ ∀ a;b;x;y;z;z0 (37)

and similar relations obtained from permutations of the
parties; a behavior is local if it can be written as a convex
combination of a finite number of deterministic behaviors
dλðabcjxyzÞ; Bell inequalities correspond to faces of the
corresponding polytope, and so on. Next we discuss a few
notable results obtained in the multipartite case. Note that
many references cited in the previous sections also contain
results for more than two parties.
As in the bipartite case, one can consider Bell inequalities

that involve only full correlators in the case where all
measurements have binary outcomes. In the n ¼ 3 case, for
instance, such an inequality would involve only terms of the
form hAxByCzi ¼

P
a;b;c¼$1abcpðabcjxyzÞ, and similarly

for more parties. All correlation Bell inequalities with
m ¼ 2 inputs have been derived by Werner and Wolf
(2001b) and Zukowski and Brukner (2002) for an arbitrary
number n of parties. There are 22

n
such inequalities (with

redundancies under relabeling) which can be summarized in a
single, but nonlinear inequality. Notable inequalities that are
part of this family are the inequalities introduced by Mermin
(1990a) and further developed by Ardehali (1992) and
Belinskii and Klyshko (1993). In the case n ¼ 3, the
Mermin inequality takes the form

jhA1B2C2iþ hA2B1C2iþ hA2B2C1i − hA1B1C1ij ≤ 2: (38)

It is associated with the Greenberger-Horne-Zeilinger (GHZ)
paradox (see Sec. II.E) in the sense that correlations that
exhibit the GHZ paradox violate it up to the algebraic bound
of 4. Werner and Wolf (2001b) also investigated the structure
of the quantum region in the full correlation space. In
particular, it was shown that the quantum bound of all

FIG. 4 (color online). A two-dimensional section of the no-
signaling polytope in the CHSH scenario (m ¼ Δ ¼ 2). The
vertical axis represents the CHSH value S, while the horizontal
axis represents the value of a symmetry of the CHSH expression
S0 (where inputs have been relabeled). Local correlations satisfy
jSj ≤ 2 and jS0j ≤ 2. The PR box is the no-signaling behavior
achieving the maximum CHSH value S ¼ 4. Tsirelson's bound
corresponds to the point where S ¼ 2
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(a)! (b)!

Figure 6.1: (a) Bell test scenario. Alice and Bob perform “black box” measurements on a shared (quantum)
state ρ. The experiment is characterized by the data {p(a, b|x, y)}, i.e., a set of conditional probabilities
for each pair of measurement outputs (a and b) given measurement settings x and y. Based on the data
p(a, b|x, y), Bell inequalities (see Eq. (2.3)) can be tested. (b) Geometrical representation of non-signaling
correlations. The set of local (L), quantum (Q), and non-signaling (NS) distributions are projected onto a
plane, where the following inclusion relations are clear: L ⊂ Q ⊂ NS.

where βa,b,x,y are integer coefficients, and L denotes the local bound of the inequality—the maximum of the

quantity S over distributions from L, i.e., of the form (6.1).

By performing judiciously chosen local measurements on an entangled quantum state, one can obtain

distributions of the form

p(a, b|x, y) = Tr(ρMa|x ⊗Mb|y), (6.3)

which violate one (or more) Bell inequalities, and hence do not admit a decomposition of the form (6.1).

Therefore, the set of quantum correlations Q, i.e., those admitting a decomposition of the form (6.3), is

strictly larger than the local set L. Characterizing the quantum set Q, or equivalently the limits of quantum

nonlocality, turns out to be a hard problem [71, 72]. In their seminal work, Popescu and Rohrlich [36]

asked whether the principle of no-signaling (or relativistic causality) could be used to derive the limits of

Q and surprisingly found this not to be the case. Specifically, they proved the possible existence of no-

signaling correlations — the so-called “PR box” correlations — which are not achievable in quantum theory.

Therefore, the set of no-signaling correlations, denoted by NS, is strictly larger than Q, and we get the

relation L ⊂ Q ⊂ NS (see Fig. 1(b)). The study and characterization of the boundary between Q and

NS is today a hot topic of research [80]. A central question is whether the limits of quantum nonlocality

could be recovered from a simple physical principle (i.e., is it possible to derive quantum mechanics from

just causality and another axiom).
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6.3 PR boxes

An important concept for this chapter is the notion of no-signaling theories and PR boxes. The idea is to

use the framework of Bell inequalities to analyze the results of measurements without being constrained by

assumptions of quantum mechanics. To begin, it is useful to consider the CHSH Bell inequality,

SCHSH = E0,0 + E0,1 + E1,0 − E1,1

L
≤ 2. (6.4)

Now, the algebraic bound of this inequality is 4, which leads one to question what sorts of theories could

achieve SCHSH = 4. The answer, surprisingly, is a theory only limited by no-signaling (i.e., relativistic

causality). Instead of using entangled states which are partially correlated (or anti-correlated) depending on

the basis chosen, a no-signaling theory can use PR boxes to reach this bound. A PR box is an object whose

correlations obey

xy = a⊕ b. (6.5)

In essence, the outputs will be correlated so long as either party chose measurement input 0, and anti-

correlated if both parties choose measurement setting 1. Putting these correlations into Eq. 6.4 results in

SCHSH = 4. As a final note, as these PR boxes obey no-signaling, it must be the case that the outputs (a, b)

must be completely random; if they are not, then one could use PR boxes to send signals, in direct violation

of the axiom of the theory. In the context of considering “super-quantum” correlations, we consider PR

boxes as our fundamental unit of nonlocality [96].

6.4 Experimental setup

Here, we experimentally explore the limits of quantum nonlocality using the high quality source of entangled

photons from Chapter 4. To briefly recap, the entanglement source consists of a 355-nm pulsed laser focused

onto two orthogonal nonlinear BiBO crystals to produce polarization-entangled photon pairs at 710 nm, via

spontaneous parametric down-conversion: the first (second) crystal has an amplitude to create horizontal

(vertical) polarized photon pairs, which interfere to produce the entangled state [43] (see Fig. 6.2). Using

wave plates to control the polarization of the pump beam, we create polarization entangled states with

arbitrary degree of entanglement

|ψθ〉 = cos θ |H,H〉+ sin θ |V, V 〉 . (6.6)
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In addition to the ability to precisely tune the entanglement of the source, which is crucial for many of

the Bell tests we perform, we also achieve extremely high state quality. To do so, we pre-compensate the

temporal decoherence from group-velocity dispersion in the down-conversion crystals with a BBO crystal

[45], resulting in an interference visibility of 0.9970± 0.0005 in all bases. The high state quality (along with

the capability of creating a state with nearly any degree of entanglement) allows us to make measurements

very close to the quantum mechanical bound in a large array of different Bell tests.

Figure 6.2: A diagram of the entanglement source. The high-power laser (L) is prepared in a specific
polarization state (depending on the Bell test) by two half-wave plates (HWP1 and HWP2). We pre-
compensate for the temporal decoherence (arising from the group velocity dispersion in the downconversion
crystals) by passing the laser through a crystal (TC) designed to have the opposite group velocity dispersion.
Passing the pump through a pair of nonlinear crystals (NLC), orthogonal to each other, produces the
entangled photons. The measurements are performed using a motorized half-wave plate (HWP3) and a
polarizing beam splitter (PBS). We then spectrally filter (IF) the photons to limit the collected bandwidth
to 20 nm, as well as spatially filter the photons using a single-mode fiber (SMF) to remove any spatial
decoherence. Finally, the photons are detected using avalanche photodiodes (APD), the events of which are
recorded on a time-to-digital converter (TDC) and saved on a computer for analysis.

For the Bell tests, the local polarization measurements are implemented using a fixed Brewster-angle

polarizing beam splitter, preceded by an adjustable half-wave plate, and followed by single-photon detectors

to detect the transmitted photons. This allows for the implementation of arbitrary projective measurements

of the polarization, represented by operators A = ~α · ~σ and B = ~β · ~σ, where ~α and ~β are the Bloch

vectors and ~σ = (σx, σy, σz) denotes the vector of Pauli matrices. Measurement outcomes are denoted by

a = {0, 1} and b = {0, 1}, where in our experiments the 0 outcome is measured by projecting onto the

orthogonal polarization (since we are assuming fair-sampling, we require a detection event to occur to assign

an outcome). To remove any potential systematic loopholes (e.g., seemingly better results due to laser power

fluctuations), we measure each Bell inequality multiple times, where the measurements settings are applied

in a different randomized order each time. Finally, to ensure the validity of the results, we do not perform

any post-processing of the data (e.g., accidental subtraction).
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6.5 Experiments and results

We start our investigation by considering the simplest Bell scenario, featuring two binary measurements

each for Alice and Bob. The set of local correlations, i.e., of the form (6.1), is fully captured by the CHSH

inequality [12]:

SCHSH = E00 + E01 + E10 − E11

L
≤ 2, (6.7)

where Exy ≡ p(a = b|x, y)−p(a 6= b|x, y) denotes the correlation function. Quantum correlations can violate

the above inequality up to SCHSH = 2
√

2, the so-called Tsirelson bound [13]. More generally, quantum

correlations must also satisfy the following family of inequalities

SCHSH cos θ + S ′CHSH sin θ
Q
≤ 2
√

2, (6.8)

parametrized by θ ∈ [0, 2π], and where S ′CHSH = −E00 + E01 + E10 + E11 is a different representation (or

symmetry) of the CHSH expression (the difference is in which term is negated). The above quantum Bell

inequalities are tight, in the sense that quantum correlations can achieve 2
√

2 for any θ ∈ [0, 2π]; specifically,

inequality (6.8) can be saturated by performing appropriate local measurements on a maximally entangled

state |ψπ/4〉 (see Ref. [65] for more details). Therefore, the set of quantum correlations Q forms a circle

(of radius 2
√

2) in the plane defined by SCHSH and S ′CHSH. Fig. 6.3 presents the experimental results which

confirm these theoretical predictions with high accuracy. To make the measurements, we kept the entangled

state fixed and varied the settings for 180 different values of θ. The average radius of our measurements was

2.817, with 8 data points falling beyond the limit of quantum mechanics.

To calculate the likelihood, given our measurements, of having the observed 8 (or more) events beyond

the quantum limit, first we considered our expected radius to be the mean of all measured radii, calculated

to be 2.817. Next, we assume the calculated error bars (based on Poissonian statistics) to correspond to one

σ from the mean (that is, each data point comes from a Gaussian distribution with a mean of the mean

radius, and a standard deviation given by the error bar). From here, we can compute the probability of

each data point being measured greater than 2
√

2 (the probability of the ith data point being measured

beyond the quantum bound is pi). We then assume that the probability distribution of seeing k events

beyond the quantum limit follows a Gaussian distribution with mean µ =
∑
i pi = 8.677 and variance of

σ2 =
∑
i pi(1− pi) = 7.928. This distribution then determines the probability of seeing 8 or more events to

be 0.66, i.e., there is no statistically significant conflict with quantum predictions.

65



(a) (b)
−4 −3 −2 −1 0 1 2 3 4
−4

−3

−2

−1

0

1

2

3

4

S
CHSH

S
C

H
S

H
’

0 45 90 135 180 225 270 315 360
−0.02

−0.01

0

0.01

0.02

0.03

0.04

θ

S
C

H
S

H
M

ax
−

 S
C

H
S

H
M

ea
su

re
d

Figure 6.3: Testing the boundary of quantum correlations in the simplest Bell test scenario. (a) Plot of
the experimental measurements of the curve Eq. (6.8). Here, local correlations (L) form the inner blue
square, no-signaling correlations form the outer orange square (the vertices represent the PR-box and its
symmetries), and quantum correlations form the green circle; the black dots are the 180 measured data
points, all of whose error bars lie within the thickness of the dot. (b) A comparison of the analyzed data
with the quantum mechanical maximum (2

√
2). Here, θ is defined in Eq. (6.8), and corresponds to rotating

around the circle in Fig. 6.3(a). The vertical axis is the distance from 2
√

2 of the radius of curve formed by
S ′CHSH and SCHSH (i.e., the radius of the data point at a given θ). Plotted values greater than zero correspond
to measured values less than 2

√
2; negative values could correspond to results beyond the quantum limit.

Here, the uncertainty is smaller for measurements around the vertices of the local correlations (at 45◦, 135◦,
225◦, and 315◦) due to large correlations between S ′CHSH and SCHSH. We observe 8 data points beyond the
quantum limit, which we expect to happen with a probability of 0.66.

6.5.1 Tilted Bell inequalities

It turns out, however, that the complete boundary of Q cannot be fully recovered by considering only

maximally entangled states. That is, there exist sections of the no-signaling polytope where the quantum

boundary can only be reached using partially entangled states. While studies [20, 97] on minimal detection

efficiency required to close the detection loophole have already hinted at this for qubit entanglement, a more

general observation with no restriction on the size of the entanglement has only been theoretically established

recently in [83, 84, 82]. To demonstrate this bizarre phenomenon experimentally, we shall first strengthen

the theoretical result obtain in [82].

Specifically, consider the projection plane defined by the parameters SCHSH and −EA0 −EB0 , where EA0 ≡
∑
a={0,1} a p(a|x = 0) denotes Alice’s marginal (similarly for Bob’s marginal EB0 ). In order to find the

quantum boundary in this plane, we consider the family of Bell inequalities (called the tilted Bell inequalities)

Sτ = SCHSH + 2(1− τ)[EA0 + EB0 ]
L
≤ 2(2τ − 1), (6.9)

with 1 ≤ τ ≤ 3/2. For τ = 1, we recover CHSH, while for 1 < τ < 3/2 the inequality has the peculiar feature
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that the maximal quantum violation can only be obtained using partially entangled states [82]. Moreover,

for 1/
√

2 + 1/2 ≤ τ ≤ 3
2 , the inequality cannot even be violated using any finite-size maximally entangled

state (see the red and blue curves in Fig. 6.4b) [65]. This illustrates the fact that weak entanglement can

give rise to nonlocal correlations which cannot be reproduced using strong entanglement.

We achieved violations of the above inequalities (for several values of the parameter τ) extremely close to

the theoretically predicted maximum, by adjusting the degree of entanglement and using the corresponding

settings (see App. B; see Fig. 6.4. For instance, tuning our source to produce weakly entangled states,

we obtain clear violation of the inequality Sτ=1.300

L
≤ 3.2, where we measure Sτ = 3.258 ± 0.002, which is

impossible using maximally entangled states. Our results thus clearly illustrate the phenomenon of ‘more

nonlocality with less entanglement’ [83, 84, 82]. It is worth noting that, due to the small difference between

the quantum maximum and the local bound 2(2τ − 1), an experimental demonstration of the above phe-

nomenon using inequality (6.9) is essentially impossible without extremely precise control of high quality

weakly entangled states.

6.5.2 Chained Bell inequalities

In the remainder of the paper, we go beyond the CHSH scenario and consider Bell inequalities featuring

n > 2 binary-outcome measurements per observer. This will allow us to investigate other aspects of the

phenomenon of quantum nonlocality. We start by considering the family of chained Bell inequalities (see

App. C for a discussion of this family of inequalities5) [98, 99]

In =
∑

a,b={0,1}

[
p(a = b|n− 1, 0) + p(a 6= b|n− 1, n− 1) +

n−2∑

x=0

x+1∑

y=x

p(a 6= b|x, y)

]
L
≥ 1, (6.10)

where a = 1 is the a detection for Alice at setting x, and a = 0 is a detection for Alice at setting x⊥ (similarly

for Bob), and x(y) takes on values from 0 to n − 1. Using a maximally entangled state |ψπ/4〉, quantum

theory allows one to obtain values up to In = n(1−cos π
2n ). Note that, as n increases, the quantum violation

approaches the bound imposed by the no-signaling principle, namely In→∞ = 0 (here given by the algebraic

minimum of In). Using our setup we obtain violations of the chained inequality up to n = 45. Because In

becomes increasingly sensitive to any noise in the system as n increases, we found the strongest violation at

n = 18, with a value of I18 = 0.126± 0.001, see Fig. 6.5. For comparison, the previous best measurement of

5The chained Bell inequality is a generalization of S0011CHSH = E00 + E01 + E10 − E11. The CHSH Bell inequality is I2,

and the next chained Bell inequality, In+1, is formed by adding Sn−1,n−1,n,n
CHSH to In. As an example, for n = 3, we add

S0011CHSH + S1122CHSH = E00 +E01 +E10 +E21 +E12 −E22, and I4 = I3 + S2233CHSH. As each In will have a single negative term, and
2n − 1 positive terms, we then want to make 2n − 1 measurements with high correlations, and a single measurement with a
large anti-correlation; we discuss this in more detail in App. C. The In in Eq. 6.10 is written in a form where the local bound
is constant (at 1), and the nonlocal bound is also constant (at 0).
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Figure 6.4: Testing the boundary of quantum correlations with the tilted Bell inequality, Eq. 6.9. (a) A plot
of the measured values for a projection where the quantum boundary can only be attained using partially
entangled states. The orange line is the boundary for no-signaling correlations (the PR box sitting at the
top), and the red line is the boundary of the set of correlations achievable by a maximally entangled state
[65], whereas the horizontal axis at SCHSH = 2 coincides with the boundary of the local set L. The green
curve represents the quantum boundary, with the black points corresponding to measured data points. For
large values of −EA0 −EB0 (corresponding to less entangled states), the system becomes increasingly sensitive
to system noise (i.e., slight state-creation and measurement imperfections), resulting in the measured values
deviating slightly from the quantum curve. (b) A plot of the measured values for the tilted Bell inequalities.
The red line is the bound of maximally entangled sates, the blue line is the local bound, and the black
points are the analyzed data. The red and blue lines cross at 1/

√
2 + 1/2, where maximally entangled

states can no longer violate a tilted Bell inequality. Here, for the measured points up to τ = 1.323, we
see a value of Sτ at least three standard deviations above the local bound; notably, we have violations for
τ = 1.223, 1.250, 1.265, 1.296, and 1.323 (circled data points in both plots), as well as τ = 1.300 (this data
point is described in the text, but since it was taken separately from the other measurements, we do not
place it in the plots), none of which are possible for maximally entangled states in any dimension, implying
that with less entanglement, we have more nonlocality.

In was I7 = 0.324± 0.0027 [100].

These violations have interesting consequences. First, they allow us to put strong lower bounds on the

nonlocal content of the observed statistics pobs = {pobs(ab|xy)}. Following the approach of Ref. [93], we can

write the decomposition

pobs = (1− q)pL + q pNS , (6.11)

where pL is a local distribution (inside L) and pNS is a no-signaling distribution (achieved, e.g., via PR

boxes), and then minimize q ∈ [0, 1] over any such decomposition. The minimal value qmin is then the

nonlocal content of pobs, and can be viewed as a measure of nonlocality. That is, we can think of qmin

as being the likelihood that some nonlocal resource (e.g., a PR box) would need to be used in order to

replicate the results. For example, consider the maximum quantum mechanical violation of the CHSH Bell
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Figure 6.5: A plot of the measured chained Bell inequality values for n = 2 to n = 45. Here, the local limit
is In = 1 and the no-signaling limit is In = 0. The quantum boundary in this case is the green line; our
measured Bell inequality values are connected by the black line, with the error bars lying within the thickness
of the line. The “local content” for a given n is represented by distance from 0 to the measured In value (black
line), which is colored blue, and the nonlocal content is the distance from the measured value to 1, colored
orange. As the value of In approaches 0, the correlations present in the system match those of a PR box—if
In = 0 were measured, the system would require the use of a PR box for every measurement. Our measured
points deviate from the quantum boundary due to the 0.3% noise from imperfect state preparation, which
becomes more noticeable with larger number of measurements (e.g., I45 requires 360 specific measurements
along the Bloch sphere, for the specific measurements see App. B).

inequality, SCHSH = 2
√

2. If instead of using entangled states, we were to use a local strategy (SCHSH = 2)

and PR boxes (SCHSH = 4), we would only need to use PR boxes on (at most) 41% of the trials to recover

the quantum mechanical bound (0.41× 4 + 0.59× 2 ≈ 2
√

2), thus qmin = 0.41. For an observed violation of

the chained inequality, we can place a lower bound on the nonlocal content: qmin ≥ 1 − In [101]. Notably,

for the case n = 18, we obtain qmin = 0.874 ± 0.001 which represents the most nonlocal correlations ever

produced experimentally. For comparison, the previous best bound was qmin = 0.782± 0.014 [102, 103].

Moreover, following the work of [94], we can place bounds on the outcome predictability in a general

class of physical theories consistent with the no-signaling principle. While quantum theory predicts that the

measurement results are fully random (e.g., one cannot predict locally which output port of the polarizing

beam splitter each photon will be detected), there could be a super-quantum theory that could predict

better than quantum theory (that is, with a probability of success strictly greater than 1/2) in which port

each photon will be detected. This predictive power, represented by the probability δ of correctly guessing

the output port, can be upper bounded from the observed violation of the chained Bell inequality. In our

experiments, the best bound is obtained for the case n = 18, for which we obtain δ = 0.5702±0.0005 (that is,

given any possible extension of quantum theory satisfying the free-choice assumption [100], the measurement
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Table 6.1: A table of the measured values from two different Bell inequalities, M3322 and M4322, as defined
in Eq. (6.12). For these inequalities, correlations from L and those augmented with the use of a single PR-
box (represented as L + 1PR) give rise to the same bound. Any measured values above the corresponding
bound imply that the data is not only incompatible with Bell-locality, but also with a single use of a PR
box. Instead, two PR boxes must be used to replicate the data. The approximate quantum mechanical
maximums (obtained using the tools of [71, 72] and [104, 105]) and the quantum mechanical maximums for
two qubits are given as a reference.

Bell inequality Measured value 2-qubit maximum Quantum maximum

M3322

L+1PR
≤ 6 6.016± 0.0003 6.024 6.130

M4322

L+1PR
≤ 7 7.004± 0.0004 7.041 7.127

result could be guessed with a probability at most 57%)6, which is the strongest experimental bound (closest

to 50%) to date; the previous bound was δ = 0.6644± 0.0014 [100].

6.5.3 M-class Bell inequalities

The above results on the chained Bell inequality show that in order to reproduce the measured correlations,

nonlocal resources (such as the PR box) must be used in more than 87% of the experimental rounds (i.e.,

qmin0.874 ± 0.001). While the chained Bell inequality provides an interesting metric of nonlocal content,

there are, however, even more nonlocal correlations achievable using two-qubit entangled states, which can

provably not be reproduced using a single PR box [85]. Interestingly, such correlations can arise only from

partially entangled states, since maximally entangled states can always be perfectly simulated using a single

PR box [106]. The accuracy of our experimental setup allows for the study of Bell inequalities which require

the use of more than a single PR box. Specifically, consider the inequalities from Ref. [85] (for n = 3 and

n = 4):

M3322 ≡E00 + E01 + E02 + E10 + E11 − E12 (6.12a)

+E20 − E21 − EA0 − EA1 − EB0 + EB1
L+1PR
≤ 6,

M4322 ≡E00 + E01 + E02 + E10 − E12 + E13 (6.12b)

+E20 − E21 − E23 − EA0 − EA1 − EA2 − EB0
L+1PR
≤ 7,

6This may seem contradictory to the early example of DIRE, where pguess = 1/2 for a maximal quantum mechanical Bell
violation. However, for DIRE we assumed quantum mechanics is correct. Here we only assume a no-signaling theory, so this is
a much stronger bound since it does not depend on the validity of quantum mechanics. These results still apply to quantum
mechanics, as quantum is a no-signaling theory, thus we can certify our randomness even if quantum mechanics is incorrect!
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which cannot be violated by any local correlations supplemented by a single maximally nonlocal PR box

(L+ 1PR), which is viewed as a unit of nonlocality. Nevertheless, by performing well-chosen measurements

on a very weakly entangled state (|ψ≈3π/7〉), we observed violations of the above inequalities (see Table 6.1).

Note that since the observed statistics (leading toM3322 > 6 andM4322 > 7) could not have been obtained

using a single PR box, they also cannot be obtained using a maximally entangled state |ψπ/4〉, and required

the use of a weakly entangled state (or two PR boxes). Hence, we provide a second experimental verification

of the phenomenon of more nonlocality with less entanglement.

As these results are all nonintuitive, it is worthwhile to recap the nonlocal “hierarchy” measured from the

previous Bell inequalities. To do so, we will define PR to correspond to a single PR box (2PR to correspond

to two PR boxes where it is different from a single PR box),M to be the nonlocality of maximally entangled

particles, NM for non-maximally entangled particles, and L for local correlations. Now, for the SCHSH Bell

inequality, with a noiseless system at unit system efficiency, then the nonlocality ordering is:

PR ⊃M ⊃ NM ⊃ L. (6.13)

However, when the system has reduced system efficiency (< 83%) with no noise, then the order is slightly

different:

PR ⊃ NM ⊃M ⊃ L. (6.14)

The above results also hold for the chained Bell inequalities. The hierarchy, however, for the M-class Bell

inequalities described in this section is drastically different:

2PR ⊃ NM ⊃ PR =M = L, (6.15)

which shows the complicated landscape of the nonlocal structure. Depending on the measured Bell inequality,

different states exhibit significantly different amounts of nonlocality.
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6.5.4 Elegant Bell inequality

Finally, we consider a Bell inequality which can certify the use of complex qubits (versus real qubits) [95],

given by

SE ≡ E00 + E10 + E20 + E01 − E11 − E21 (6.16)

−E02 + E12 − E22 − E03 − E13 + E23

L
≤ 6.

The optimal quantum violation is SE = 4
√

3 ' 6.928, which can be obtained by using a maximally entangled

two-qubit state |ψπ/4〉, and a set of highly symmetric qubit measurements. The measurements of Alice are

given by three orthogonal vectors on the sphere (~a0 = (1, 0, 0), ~a1 = (0, 1, 0), and ~a2 = (0, 0, 1)), and

Bob’s measurements are given by the four vectors of the tetrahedron: ~b0 = 1√
3
(1, 1, 1), ~b1 = 1√

3
(1,−1,−1),

~b2 = 1√
3
(−1, 1,−1), ~b3 = 1√

3
(−1,−1, 1). To perform these measurements, we added an additional quarter-

wave plate after HWP3 in Fig. 6.2 (see App. B for the waveplate values). Implementing this strategy

experimentally, we observe a violation of SE = 6.890 ± 0.002, close to the theoretical value. Interestingly,

such a violation could not have been obtained using a real qubit strategy. Indeed, the use of measurement

settings restricted to a great circle of the Bloch sphere, i.e., real qubit measurements, can only provide

violations up to SE = 2 + 2
√

5 ' 6.472 [95]. Thus, the observed violation requires the use of complex

qubit measurements, spanning the Bloch sphere. Note, however, that any strategy involving complex qubit

measurements can be mapped to an equivalent strategy involving two real qubits7 [107, 108].

6.6 Conclusion

To summarize, we have reported the exploration of various facets of the rich phenomenon of quantum

nonlocality. The results of our systematic experimental investigation of quantum nonlocal correlations are

in extremely good agreement with quantum predictions; nevertheless, we believe that pursuing such tests

is of significant value, as Bell inequalities are not only fundamental to quantum theory, but also can be

used to discuss physics outside of the framework of quantum theory. By doing so, one can continue to place

bounds on the features of theories beyond quantum mechanics, as we have here. Such continued experiments

investigating the bounds of quantum theory are important, as any valid deviation from quantum predictions,

e.g., by observing stronger correlations than predicted by quantum theory, would provide evidence of new

7A complex qubit is described by three parameters (to assign a position on the Bloch sphere). Two real qubits are described
by four parameters (two parameters for each qubit to assign a position on a circular disk). One of the many ways to do this
mapping would be to assign the first real qubit the parameters (a, b) and the second real qubit the parameters (c, d), then we
can map this onto a complex qubit described by the three parameters (a, b, c), and simply ignoring parameter d.
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physics beyond the quantum model. Furthermore, nonlocality has important applications for quantum

information protocols, though the optimal way to quantify the nonlocality present in a system is still an open

question (see, e.g., [109]). Here, we experimentally verified, for the first time, that for certain correlations

from non-maximally entangled states, two PR boxes (i.e., two units of the nonlocal resource) are required to

recreate the correlations from these weakly entangled states. A natural question then is if these systems could

be used advantageously for certain quantum information tasks, e.g., perhaps there is some novel quantum

cryptographic protocol relying on non-maximally entangled states to provide enhanced security against an

eavesdropper.
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Chapter 7

Conclusions

We have presented our research using a high quality source of entangled photons to close the detection-

loophole for a Bell inequality. We also presented our work in performing a landmark experiment, a com-

pletely loophole-free Bell test, free from the usual assumptions made by all experiments until now; this

test definitively rules out all local realistic theories. By demonstrating that nonlocality must exist, we can

now attempt to quantify this nonlocality. Here, we presented experiments exploring different avenues of

nonlocality, showing counter-intuitive features and placing the tightest bounds to date on the predictability

of all no-signaling theories.

There are clear extensions to all of the experiments presented here. First, the next step past the loophole-

free Bell test would be perform a loophole-free version of the chained-Bell inequality experiment presented

in Chapter 6. As the high n chained-Bell inequalities have more nonlocal content, and therefore will provide

more secure randomness for the device-independent randomness expansion protocol, the desire is to perform

the experiment with the highest n possible. In this case, the detection efficiency requirement of In is

εn ≥ εmin
n =

2n− 2

2n− 1
, (7.1)

where εmin
n is the minimum (no noise) required efficiency1 (see Fig. 7.1). With the source presented in

Chapter 5, we should be able to violate up to I4, which requires ε = 6/7 = 0.857, if we do not spacelike

separate all relevant events (which is not as critical for device-independent randomness expansion).

Additional interesting experiments could also be performed while making valid assumptions, as was done

in Chapter 6. Here, we explored a very few of the massive set of possible inequalities. There are surely many

more tests with interesting interpretations for future theories than we were aware of when we completed our

experiments. Ideally one would perform these tests with high visibilities (> 99.99%), as it will place stronger

bounds on all no-signaling theories. Additionally, from a theoretical point of view, people will continue to

search for “almost-quantum” theories (self-consistent theories that are not quantum mechanics, but could

1This formula was found through numerical simulation.
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Figure 7.1: A plot of required efficiency to close the detection loophole for the chained Bell inequalities. As
n → ∞, the required efficiency also tends to ∞. With the system described in Chapter 5, we estimate a
possible system efficiency (after some system changes) of around 0.86 to 0.87, which would be sufficient to
violate a detection-loophole-free version of I4.

still explain our observed results), and the difference between quantum mechanics and these new theories

can be tested through a Bell-like inequality. Most likely these tests will require unparalleled quality sources

(perhaps requiring visibilities on order of 1− 10−10). Therefore, designing extremely high quality sources to

pursue these tests will be absolutely critical for the possibility to find any deviation from quantum theory,

such results could herald the next physical theory beyond quantum mechanics.
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Appendix A

Optimal State and Settings
Calculation

In this Appendix, we give a description of the method we use to calculate the optimal state and settings of

the different Bell inequalities. To do so, we will describe the method for determining the optimal state and

settings for the CH Bell inequality,

SCH = p(1, 1|0, 0) + p(1, 1|0, 1) + p(1, 1|1, 0)− p(1, 1|1, 1)− p(a = 1|x = 0)− p(b = 1|y = 0)
L
≤ 0, (A.1)

and then describe the generalization to the more complex Bell inequalities.

For the CH Bell inequality, we model the system (given the estimated noise and efficiency) and perform a

numerical maximization to determine the settings and state. That is, we optimize over the state parameter

r (where |ψr〉 = (|HH〉+ r|V V 〉) /
√

1 + r2), and over settings (x = 0) = θA0 , (x = 1) = θA1 , (y = 0) = θB0 ,

and (y = 1) = θB1 setting choices. Note, however, that due to the symmetry of the CH Bell inequality and

the state we produce, the settings have a symmetry about the 0◦ polarization setting. Thus, we assume that

θA0 = −θB0 = θ0 and θA1 = −θB1 = θ1, which reduces the problem to an optimization over only 3 parameters

(r,θ0,θ1).

As mentioned in Section 4.6.2, our state is actually best described as: |ψr〉 ∝ |H + δ,H − δ〉 + r|V V 〉,

where δ ≈ 3◦. In the H/V basis, this is then written as:

|ψ〉 ∝ (1− r sin2 δ)|V V 〉+ r(cos2 δ|HH〉+ sin δ cos δ|V H〉 − sin δ cos δ|V H〉). (A.2)

From the density matrix, ρ = |ψ〉〈ψ|, we can calculate the probability of measuring a joint detection event

(a joint outcome of 1) from such an entangled photon pair through polarizers at θA on Alice’s side and

θB on Bob’s side via p(1, 1|θA, θB) = tr(ρJ), where J is the matrix representation of the joint polarization

measurement.

We then determine Alice’s (Bob’s) marginal probability distribution, p(1|θ), which can be calculated with

the reduced density matrix, ρA = trB(ρ). Thus, p(1|θ) = tr(ρAS), where S is the matrix representation of

the polarization measurement on Alice’s side.
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Now we need to include noise to the above terms, as well as the finite system efficiency. The three noise

terms to include are: dark counts (here we define a dark count as any count that does not scale with the laser

power, i.e., including room light background), fluorescence counts (counts that scale linearly with the pump

power), and accidental counts (counts that scale quadratically with pump power). To consider dark counts,

we modify the marginal distribution by adding in an additional term that is independent of pump power,

N pm(1|θ) = N ε p(1|θ) + dcr, where N is a laser power parameter, pm(1|θ) is the measured probability

distribution with a polarizer at θ, ε is the system efficiency, and dcr is the measured number of counts with

the laser blocked1. The parameter N can be interpreted as the number of pairs emitted from the source

into our desired mode, where we can experimentally set N by noting that N pm(1|θ) = S(1|θ). To include

fluorescence counts, we further modify the marginal distribution: N pm(1|θ) = N ε p(1|θ)+dcr+N flr. This

term, while being the most critical, is also unfortunately the hardest to measure precisely (the measurement

of this value is described in Section 4.3).

Finally, the accidental counts only affect the joint probability distribution. These counts are due to two

photon events (e.g., Alice detects one photon from one pair, whereas Bob detects a photon from the other

pair), which will degrade the polarization correlations. The probability distribution of photon pairs follows:

pn =
mm〈n〉nΓ(m+ n)

(m+ 〈n〉)m+nΓ(m)Γ(1 + n)
, (A.3)

where n is the number of pairs in a trial, 〈n〉 is the mean number of pairs per trial, and m is the number

of modes. If m = 1, this reduces to the usual thermal distribution, and if m = ∞, this follows Poissonian

statistics. Here, due to the (typically) low probability of even a single pair being emitted from the source,

we only consider accidentals from two-pair events. That is, we alter the joint detection distribution by

N pm(1, 1|θA, θB) = N ε2 p(1, 1|θA, θB) + acc, where acc includes all possible detections for the 2-pair

emission. As the above calculation is involved and tedious, an alternate approximation can be used. TO do

so, we can find an overestimate of the accidental counts by determining the number of coincidence counts

one would expect with a source of completely random photons (that is, the source does not output pairs of

photons, it instead randomly emits photons to Alice and Bob with no correlation on the emission times).

Here, we would find accu = N2 pm(1|θA) pm(1|θB), where accu is the upper bound on the accidentals2. As

we are interested in ensuring the violation of a Bell inequality, it is acceptable to overestimate the noise, and

therefore we typically set acc = accu.

1As we experimentally measure counts, putting in the noise terms is easiest by writing all terms as counts, i.e., multiplying
the probabilities terms by N .

2We can similarly find a lower bound on acc by accounting for the known emission correlations, which results in a quadratic
equation.
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We can then insert the expected measured probabilities (pm) into SCH, and then maximize over (r, θ0, θ1, N)

to determine the optimal solution. It is worth noting, that while we can make any value of r,θ0, and θ1, the

parameter N will need to limited based on the maximum laser power and pair emission from the photon

source, e.g., the source in Chapter 4 can emit (into the desired mode) up to 15 MHz (when we run with a

pulse rate of 120 MHz), thus N cannot be larger than N = S(1|θ)/pm(1|θ)

For the Bell tests considered in Chapter 6, we do not need to consider any system noise to determine

the optimal state and settings (since we assume fair-sampling, and therefore post-select on coincidence

counts, these noise terms are negligible). However, in this case we can no longer assume symmetry to reduce

the number of optimization parameters. Instead, we allow the state and all polarization settings to be

parameters to maximize over. In all of the cases, both here and for the CH Bell inequality with noise, these

maximizations can be done with the built-in tools available in both Matlab and Mathematica.
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Appendix B

Measurements and Settings for Bell
Tests

In this Appendix, we give the results of the analyzed data and quantum states used for each Bell test

presented in this paper. First, for the data collected for the projection onto the SCHSH cos θ and S ′CHSH sin θ

axes, we used maximally entangled states, altering the measurement settings to rotate around the circle in

Fig. 6.3. Here, each point requires 16 total measurement combinations; and we collected data for 1s at each

setting.

For the plot of the tilted Bell inequality in Fig. 6.4 (Eq. (6.9)), we collected data for 15 s for each setting

(again, 16 total measurement setting combinations). We used states of varying degree of entanglement,

which we cite by listing the θ value in the state cos θ|H,H〉 + sin θ|V, V 〉. The analyzed data is displayed

in Table B.1. As a note, the value in the text listed for Sτ=1.3 had separately optimized settings (instead

of automatically generated settings), as well as was measured for 100 s (i.e., a total measurement time of

100× 16 s).

For the chained Bell inequality [Eq. (6.10)], In is the chained Bell parameter, with νn being the mea-

surement bias. The measurement bias is the deviation of Alice’s (or Bob’s) individual measurements from

being completely random, that is, the difference in probability of measuring output 0 to measuring output

1 (calculated by p(1|x)− p(−1|x)). The bias given in Table B.2 (and the bias used in calculating δn) is the

maximum bias over all possible measurement settings. Finally, δn is the bound on the predictive power, with

∆δn being the uncertainty. The uncertainty of In is approximately twice as large as ∆δn (since δn ∝ In/2).

For these measurements, we used a maximally entangled state, with the settings described in Appendix C,

and collected data for 5 s at each measurement setting, except from n = 18 to n = 21, where we collected

for 20 s at each setting, as the first scan through all values of n showed the lowest value in that region. The

analyzed data for the chained Bell inequality is shown in Table B.2.

Next, in Table B.3 we list the measurement settings and states for the M3322 and M4322 Bell inequalities.

The settings are given as the angle in the projection onto the state cos ai|H〉 + sin ai|V 〉 (and similarly for

bj). Here, data was collected data for 1200 s at each measurement setting.

Finally, the waveplate settings for the “Elegant” Bell inequality are displayed in Table B.4. We give the
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Table B.1: Analyzed data and estimated parameters for the tilted Bell inequality (Eq. (6.9)). Here, the
estimate of the uncertainty of Sτ is given by ∆Sτ .

τ SCHSH −E1 − E2 Sτ ∆Sτ Local bound θ
1.001 2.828 0.052 2.828 0.011 2.004 45.0
1.020 2.827 0.120 2.837 0.010 2.080 46.5
1.039 2.816 0.220 2.833 0.010 2.156 48.1
1.063 2.800 0.320 2.840 0.010 2.252 49.8
1.095 2.764 0.480 2.855 0.009 2.380 52.2
1.128 2.736 0.620 2.895 0.009 2.512 54.9
1.137 2.712 0.720 2.909 0.008 2.548 55.5
1.171 2.660 0.860 2.954 0.008 2.684 58.5
1.193 2.616 0.980 2.994 0.007 2.772 60.2
1.223 2.564 1.120 3.064 0.007 2.892 62.7
1.250 2.504 1.240 3.124 0.006 3.000 65.2
1.265 2.456 1.320 3.156 0.006 3.060 66.4
1.296 2.368 1.460 3.232 0.005 3.184 69.2
1.323 2.304 1.580 3.325 0.005 3.292 71.7
1.348 2.228 1.680 3.397 0.004 3.392 74.2
1.369 2.168 1.760 3.467 0.003 3.476 76.3
1.390 2.120 1.820 3.540 0.003 3.560 78.4
1.410 2.064 1.880 3.606 0.002 3.640 80.5
1.424 2.036 1.920 3.664 0.002 3.696 81.9
1.435 2.016 1.932 3.697 0.002 3.740 82.9
1.442 2.000 1.946 3.721 0.002 3.768 83.7
1.449 1.964 1.957 3.722 0.002 3.796 84.6

wave plate settings for both the setting (for output of 1) and the orthogonal setting (for output of 0). As

described in the text, these measurements include an additional quarter-wave plate in the system, where the

ordering of the optical elements (as seen by the downconverted photons) is the half-wave plate, followed by

the quarter-wave plate, then the polarizer.
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Table B.2: Analyzed data for the chained Bell inequality (Eq. (6.10)).
n In νn δn ∆δn
2 0.5931 0.0062 0.8028 0.0016
3 0.4115 0.0058 0.7116 0.0014
4 0.3148 0.0055 0.6629 0.0013
5 0.2624 0.0068 0.6380 0.0012
6 0.2230 0.0058 0.6173 0.0012
7 0.1965 0.0065 0.6048 0.0011
8 0.1812 0.0059 0.5964 0.0011
9 0.1667 0.0073 0.5906 0.0011
10 0.1539 0.0066 0.5836 0.0011
11 0.1479 0.0069 0.5809 0.0011
12 0.1419 0.0069 0.5778 0.0011
13 0.1396 0.0065 0.5763 0.0011
14 0.1357 0.0064 0.5742 0.0011
15 0.1324 0.0077 0.5739 0.0010
16 0.1312 0.0061 0.5718 0.0010
17 0.1294 0.0064 0.5711 0.0010
18 0.1262 0.0065 0.5702 0.0005
19 0.1318 0.0070 0.5714 0.0005
20 0.1290 0.0075 0.5722 0.0005
21 0.1279 0.0074 0.5709 0.0005
22 0.1291 0.0071 0.5717 0.0010
23 0.1287 0.0065 0.5708 0.0010
24 0.1325 0.0072 0.5734 0.0010
25 0.1312 0.0074 0.5730 0.0010
26 0.1380 0.0067 0.5757 0.0011
27 0.1372 0.0070 0.5755 0.0010
28 0.1389 0.0073 0.5768 0.0011
29 0.1409 0.0073 0.5777 0.0011
30 0.1429 0.0069 0.5783 0.0011
31 0.1456 0.0075 0.5803 0.0011
32 0.1474 0.0066 0.5803 0.0011
33 0.1475 0.0070 0.5808 0.0011
34 0.1506 0.0083 0.5836 0.0011
35 0.1547 0.0073 0.5846 0.0011
36 0.1573 0.0066 0.5853 0.0011
37 0.1577 0.0081 0.5870 0.0011
38 0.1594 0.0072 0.5869 0.0011
39 0.1655 0.0072 0.5899 0.0011
40 0.1665 0.0070 0.5903 0.0011
41 0.1698 0.0073 0.5922 0.0011
42 0.1716 0.0065 0.5923 0.0011
43 0.1750 0.0067 0.5942 0.0011
44 0.1810 0.0069 0.5974 0.0011
45 0.1801 0.0079 0.5980 0.0011

Table B.3: Details for the M3322 and M4322 Bell inequalities (Eqs. (6.12)).
Inequality θ a1 a2 a3 a4 b1 b2 b3
M3322 77.2 -1.2 27.2 -35.2 N/A -0.7 9.2 -20.3
M4322 76.6 0 61 45 119 15.6 164.3 0
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Table B.4: The waveplate settings for the “Elegant” Bell inequality (Eq. (6.16)). All angles refer to angle
of the fast axis of the waveplate relative to H.

Setting HWP angle QWP angle
~a0 45◦ 0◦

~a⊥0 0◦ 0◦

~a1 22.5◦ 0◦

~a⊥1 67.5◦ 0◦

~a2 0◦ −45◦

~a⊥2 0◦ 45◦

~b0 2.4◦ 72.4◦

~b⊥0 −24.9◦ −72.4◦

~b1 −2.4◦ −72.4◦

~b⊥1 24.9◦ 72.4◦

~b2 42.6◦ −72.4◦

~b⊥2 −20.1◦ 72.4◦

~b3 −42.6◦ 72.4◦

~b⊥3 20.1◦ −72.4◦
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Appendix C

Additional Discussion on the Chained
Bell Inequality

In this Appendix, we discuss the intuitive reason that quantum mechanics approaches the PR-box limit for

the chained Bell inequalities.

First, consider the CHSH Bell inequality: S0011CHSH = E00 +E01 +E10−E11, with a noiseless, unit-efficiency

system. Given the entangled state, |HH〉+ |V V 〉, then the correlations can be written as:

Ei,j = cos2 θi,j − sin2 θi,j = cos 2θi,j , (C.1)

where θij ≡ θAi − θBj is the angle separation between the two polarization settings. Essentially, with the

entangled state of |HH〉 + |V V 〉, parallel measurements (θi,j ≈ 0◦) result in high correlations, whereas

orthogonal measurements (θi,j ≈ 90◦) result in high anti-correlations. So the goal of the measurements is to

evenly space the polarization angles between the two poles of the Bloch sphere (see Fig. C.1) to maximize

the three positive terms in SCHSH, and minimize the negative term, resulting in the angles1:

θA1 = 0× (90/4)◦ = 0◦, (C.2)

θB0 = 1× (90/4)◦ = 22.5◦,

θA0 = 2× (90/4)◦ = 45◦,

θB1 = 3× (90/4)◦ = 67.5◦.

With these angles, the three positive correlations (E00,E01,E10) have polarization settings separated by

22.5◦, resulting in Ei,j = 1/
√

2 ≈ 0.707, and the negative term in SCHSH has θ11 = 67.5◦, resulting in

E11 = −1/
√

2 = −0.707, and thus SCHSH = 2
√

2 ≈ 2.828 (i.e., the quantum mechanical bound). Recall

for this inequality that the local bound (L) is SCHSH = 2 and the no-signaling bound (NS) is 4; thus, the

1Since there is no preferred axis of these measurements, 0◦ is not a special angle. We can add any fixed angle to all four
measurements to reach the same outcome.
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Figure C.1: The Bloch sphere representation of the measurements for SCHSH with a perfect system. Given the
state |HH〉+ |V V 〉, the optimal settings evenly divide the two poles. In real space, the angular separation
is then 22.5◦ between settings (note the factor of 2 difference between Bloch sphere settings). The result of
these settings is three high correlations (> 1/2) represented by the olive lines, and one large anti-correlation
(< −1/2), represented by the red line. These correlations result in a violation of the SCHSH Bell inequality.
As we “chain” multiple SCHSH Bell inequalities together, the distance between any two measurement settings
decreases, resulting in higher correlations between the measurements, while the final (negative) correlation
tends to −1. Thus, quantum mechanics tends to the PR-box limit as we increase the number of “links” in
a chained Bell inequality.

“nonlocal content” is defined in terms of SCHSH (2
√

2), L (2), and NS (4) as

Nonlocal content =
SCHSH − L
NS − L =

2
√

2− 2

4− 2
≈ 0.414. (C.3)

Now, if we “chain” two SCHSH Bell inequalities together: I3 = S0011CHSH + S1122CHSH = E00 +E01 +E10 +E21 +

E12 −E22, we have a similar situation as above. In this case, we have five positive terms (instead of three),

but still only a single negative term. So again, similar to the case for I2 = SCHSH, we evenly divide the Bloch
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sphere between the two poles, giving angles:

θA2 0× (90/6)◦ = 0◦, (C.4)

θB1 1× (90/6)◦ = 15◦,

θA0 2× (90/6)◦ = 30◦,

θB0 0× (90/6)◦ = 45◦,

θA1 0× (90/6)◦ = 60◦,

θB2 3× (90/6)◦ = 75◦.

These angles result in positive correlations of Ei,j =
√

3/2 ≈ 0.866, and the negative correlation term of

E22 = −
√

3/2 ≈ −0.866, giving I3 ≈ 5.196. For I3, the local bound is 4, and the no-signaling bound is 6,

thus resulting in a nonlocal content (for the maximum quantum mechanical violation) of 0.598, significantly

higher than SCHSH = I2.

As we continue chaining SCHSH inequalities together, the positive correlation measurements have de-

creasing angle separation (resulting in higher correlations), and the single negative term has an increasing

separation (resulting in a higher anti-correlation). For this version of the chained Bell inequality, the lo-

cal bound is In
L
= 2(n − 1), the no-signaling bound is In

NS
= 2 + 2(n − 1), and the quantum bound is

In
Q
= 2n cos π

2n , resulting in a nonlocal content of

Nonlocal content =
In − L
NS − L = 1− n+ n cos

π

2n
=

n→∞
1. (C.5)

Thus, in the infinite limit, all positive terms will have correlations of 1, and the single negative term will

have an (anti-)correlation of −1, which is also the best that a PR box would be able to accomplish, resulting

in complete nonlocal content.
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Appendix D

Notes on Fusion Splicing

In this Appendix, we give a few comments on the fusion splices performed in the experiments presented in

the main text1. We assume basic knowledge of fusion splicing, which can be learned, e.g., by watching an

introductory youtube video to fusion splicing2. The primary goal of the fusion splices for our experiments

is high transmission through the splice, but we do have a secondary goal of preserving the physical length

of fiber. In many of the splices, we have a fixed length of fiber to use (e.g., there is a fixed amount of fiber

going to the cryogenic detectors); once this length is used, a new feed-through will have to be installed.

There are a few key points on performing a high-quality fusion splice (though these notes have not

definitive, following the guidelines here has resulted in a high yield of quality fusion splices). The initial step

in the fusion splice process is stripping the fiber. It is important that the stripper is adjusted properly, with

the set screw, to be the correct size for the fibers one desires to splice, and that the recommended ∼ 30◦

angle is maintained when stripping. If one of these conditions is not met, then the fiber very frequently

breaks, and some people have suggested that the fiber might form micro-fractures (and not break) if stripped

improperly, which would scatter light in the fiber, resulting in loss. After stripping the fiber, the next step

is to clean the fiber with methanol (or some other alcohol); I personally believe this step to be the most

crucial. Cleaving the fiber should only be performed on a thoroughly cleaned fiber (e.g., wiping the fiber > 5

times is typical). The belief here is that when the fiber is not cleaned properly, the cleaver can become dirty,

and that dirt can get on the tip of the cleaved fiber. And worse, the cleaver may also dirty the next fiber

that is cleaved, resulting in multiple poor splices. After cleaning the fiber, the cleaving process is mostly

automated. One should, however, ensure there is sufficient extra fiber in the cleaver so that the cleaving

does not fail. It is typically better to lose an extra centimeter of fiber in the cleaving process than to risk

a failed cleave, which could lose significantly more than a centimeter of fiber (if the cleave fails, the fiber

will still be damaged by the failed cleave, and therefore the cleaving must be retried at a lower spot on the

fiber, thereby increasing the loss of fiber length). After the cleaving has been performed, it is important

that the pristine tip does not touch any surface, as it will likely fracture (or get dirty), which will result in

1In our experiments, we used the Fitel S177 and S178 fusion splicers to perform the splice.
2One possible video is available at: https://www.youtube.com/watch?v=Wu0j9ql6XBE.
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a low-quality splice.

Adhering to the above guidelines, we have been able to consistently maintain > 99% transmission through

fusion splices of 1550-nm fiber (e.g., 4 out of every 5 splices see this transmission), and an estimated 98%

transmission through 630-HP fiber (though the variance of these fibers is higher, we have achieved > 99%

splices with reasonable likelihood (∼ 1/3)). We believe the reasoning for the lower quality splices for the 630-

HP fiber is simply due to lack of demand for high-quality splices at the shorter wavelengths, and therefore

the splicing “recipes” (i.e., the settings of the fusion splicer) are not as well optimized.
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